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Effektive und fundamentale Quantenfelder an der Kritikalita¨t
Zusammenfassung
Die funktionale Renormierungsgruppe in der Formulierung von Wetterich wird als ge-
eignete nicht-sto¨rungstheoretische Methode fu¨r die qualitative und quantitative Unter-
suchung universeller Pha¨nomene in Quantenfeldtheorien verwendet. Es werden Fluss-
gleichungen fu¨r eine Klasse chiraler Yukawa-Modelle mit und ohne Eichbosonen abgeleitet
und deren Fixpunktstruktur untersucht. Die vierdimensionalen chiralen Yukawa-Modelle
dienen als Spielzeug-Modelle fu¨r den Higgs-Sektor des Standardmodells. Eine Balance
bosonischer und fermionischer Fluktuationen ermo¨glicht asymptotisch sichere Fixpunkte
in der untersuchten Na¨herung, was eine Interpretation dieser Theorie als fundamentale
Theorie erlaubt und das Trivialita¨ts-Problem lo¨st. Außerdem erhalten wir Vorhersagen
fu¨r die Higgs- und die Topquark-Masse unseres Spielzeugmodells. In drei Dimensio-
nen berechnen wir die kritischen Exponenten, die neue Universalita¨tsklassen definieren.
Damit liefern wir quantitative Vorhersagen fu¨r Systeme stark korrelierter chiraler Fermio-
nen, die mit anderen nicht-sto¨rungstheoretischen Methoden u¨berpru¨ft werden ko¨nnen.
In einem Yukawa-System nicht-relativistischer zweikomponentiger Fermionen wird der
Renormierungsgruppen-Fluss ebenfalls durch einen Fixpunkt dominiert, was zu Univer-
salita¨t im BCS-BEC Crossover fu¨hrt. Wir entwickeln die Methode der funktionalen
Renormierung hinzu einem quantitativen Niveau und berechnen unter anderem die kri-
tische Temperatur u¨ber den gesamten Crossover. Abschließend liefern wir einen weiteren
Hinweis fu¨r die Mo¨glichkeit einer asymptotisch sicheren Quantengravitation, indem wir
die Existenz eines Fixpunktes im Ultravioletten unter Mitnahme einer Kru¨mmungs-Geist-
Kopplung besta¨tigen.
Effective and fundamental quantum fields at criticality
Abstract
We employ Wetterich’s approach to functional renormalization as a suitable method to
investigate universal phenomena in non-perturbative quantum field theories both quali-
tatively and quantitatively. Therefore we derive and investigate flow equations for a class
of chiral Yukawa models with and without gauge bosons and reveal fixed-point mecha-
nisms. In four dimensions chiral Yukawa systems serve as toy models for the standard
model Higgs sector and show signatures of asymptotically safe fixed points by a balancing
of bosonic and fermionic contributions. In the approximations investigated this renders
the theory fundamental and solves the triviality problem. Further, we obtain predictions
for the Higgs mass and even for the top mass of our toy model. In three dimensions we
compute the critical exponents which define new universality classes and provide bench-
mark values for systems of strongly correlated chiral fermions. In a Yukawa system of
non-relativistic two-component fermions a fixed point dominates the renormalization flow
giving rise to universality in the BCS-BEC crossover. We push the functional renormal-
ization method to a quantitative level and we compute the critical temperature and the
single-particle gap with a considerable precision for the whole crossover. Finally, we pro-
vide further evidence for the asymptotic safety scenario in quantum gravity by confirming
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Chapter 1
Invitation
Modern research technology allows to observe physical phenomena on an incredibly large
range of different length scales starting from structures smaller than the size of a nucleon
in particle collider experiments up to distant galaxies using telescopes. The physical laws
and objects we employ for theoretical descriptions are very different from each other on the
different length scales. On the level of particle collider experiments, for example, we can
describe the dynamics of elementary particles like quarks and gluons by the perturbative
regime of quantum chromodynamics whereas at larger length scales physics is better
captured in terms of baryons and mesons. Going to even larger length scales we find that
atoms are the dominating objects and a system of many atoms is often best described as
a fluid following the laws of hydrodynamics. The idea that physical objects, or degrees of
freedom, and theories describing their properties are different on different scales suggests
that we should understand physical theories today as effective theories meaning that
they are “effectively” valid at some scale. The connection between effective theories on
different length scales, might at first sight seem like a technical issue and it is indeed
a mathematical formalism, the renormalization group, that establishes this transition by
showing how physics changes as the length scale is changed [1, 2]. However, this formalism
also provides deep conceptual insight into structure of matter on different scales and has
influenced our understanding of physics very profoundly.
The renormalization group is based on the fundament of quantum field theory and
statistical physics and a starting point for its formal development was the block spin idea
by Leo Kadanoff [3]. It aimed at an understanding of the physics of phase transitions
in statistical systems [4–6], i.e. connecting small scale physics with physics on large
length scales. However, it is equally important to understand quantum field theory [7]
for elementary particle physics. In particular, it provides an explanation for the scale
dependence of coupling constants.
The concept of the renormalization group has been further developed since its early
days and in this thesis we will employ a modern formulation in terms of the flowing action
3
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[8–10]. The dynamics of the flowing action for the transition between microscopic and
macroscopic scales is described by an exact flow equation [11]. This approach constitutes
a universal theoretical tool for a description of problems ranging from particle physics
like quantum chromodynamics or electroweak physics to critical phenomena and complex
many-body systems, see [12–17] for reviews. The exact flow equation allows for systematic
approximations containing non-pertubative information and so it is particularly suitable
to describe problems involving strong fluctuations of quantum fields and interaction effects
as well as the formation and the dynamics of bound states. On the other hand it still
allows for an analytical treatment and so to understand the mechanisms and processes
going on in strongly interacting problems. It is this conceptual power which we shall
employ here to investigate non-perturbative phenomena.
Having an exact flow equation which generally describes the scale dependence of
physics it is obvious to ask whether there are conditions under which a certain physical
theory does not change as we observe it on different length scales. Under these conditions
the system would always look the same no matter with which resolution we observe it, i.e.
the system is scale invariant. The requirement therefore is the existence of a fixed point
in the renormalization group flow. As a physical system is near a renormalization group
fixed-point its scale dependence is weak and its behaviour is governed by the fixed-point,
giving rise to critical behaviour and universal properties.
The physics of critical phenomena is based on this mechanism and its implications
can be explicitly observed, e.g. in the liquid-vapor transition, the Helium superfluid
transition, the ferromagnetic phase transition and even in polymer physics. In these
systems the renormalization group fixed point dominates the large distance behaviour as
it is approached when we study larger and larger length scales, i.e. the infrared limit.
For those phenomena we employ effective descriptions for the relevant degrees of freedom
and we say that the effective quantum field is at or near criticality resulting in universal
scaling laws which are characterized by pure numbers, the critical exponents. However,
this mechanism can also work the other way round: A fixed point might be approached as
we look at smaller and smaller length scales, i.e. in the ultraviolet limit. This implies the
absence of unphysical divergencies as they are often observed in perturbative approaches.
A system running into an ultraviolet fixed point can be understood as being fundamental
in the sense, that there is no other underlying structure anymore. In this case we have
a fundamental quantum field at criticality whose behavior is governed by the ultraviolet
fixed point and its properties.
It is not easy to find fixed points in a general theory as e.g. perturbation theory already
assumes that the theory sits close to a non-interacting fixed point. Thus it requires non-
perturbative tools to do so. The exact flow equation for the flowing action is such a
5tool and has successfully been applied to the description of critical phenomena, complex
many-body systems as well as in particle physics and gravity.
The idea that an ultraviolet fixed point might exist in a quantum field theory was first
realized by Gell-Mann and Low in the context of quantum electrodynamics [2] and later on
put in a general framework by Steven Weinberg [18, 19], naming it the asymptotic safety
scenario. It was also Steven Weinberg who had a special problem in mind, that is today
believed to be the most appealing arena for such a scenario: Quantum gravity. Indeed,
gravity is non-renormalizable in a perturbative setting, however, it might be renormal-
izable if an interacting ultraviolet fixed point with suitable properties exists. However,
it took another twenty years until this idea was considered more explicitely thanks to
the development of functional renormalization, allowing for systematic approaches for the
first time [20], see [21–23] for reviews. During the last ten years a lot of evidence has
been gathered that such a scenario could be realized [20, 24–49], even discussing pos-
sible astrophysical implications [50–52] as well as LHC physics [53, 54]. Especially the
pure gravity sector has been investigated, but also interactions with matter have been
considered [43–46].
Despite the great advances that have been made in the theoretical description of
non-perturbative quantum field theories using the exact renormalization group in the
formulation by Wetterich [11] there are still a lot of open issues left which challenge the
method on a qualitative as well as on a quantitative level.
An important point concerns the matter sector in asymptotically safe gravity. In
order to really constitute a fundamental description of nature not only gravity should
be asymptotically safe but the complete standard model plus gravity. A comprehensive
discussion of such a complete scenario footing on numerous impressive computations per-
formed by various authors [25–49] during the last ten years can be found in [55]. However,
in all the investigations so far the matter sector has been considered as not essential for
asymptotically safe mechanisms. On the other hand we know that the standard model
is also plagued by problems of (perturbative) non-renormalizability, most prominently
represented by the triviality problems in the Higgs sector and quantum electrodynamics.
To fill this gap and in order to shed light on the role of the matter sector in asymptoti-
cally safe scenarios we investigate the possibility for the standard model to encounter an
interacting fixed point for itself, i.e. without the effect of gravity. This is intended to
constitute a possible starting point for a complete asymptotically safe scenario including
matter, gauge fields and gravity. Looking only to a part of the matter sector we consid-
erably reduce complications found in gravity and other gauge theories caused by gauge
fixing.
We briefly introduce the concepts and methods employed here in Chap. 2 and ex-
plicitely discuss a paradigm example, namely the O(N)-model, to show the conceptual
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power and the quantitative accuracy that can be achieved with our method. In Chap. 3,
we investigate a simple toy model, namely a Z2-symmetric Yukawa model exploring the
possibility of asymptotic safety. We identify a mechanism that enables this scenario to
work and construct a more elaborate chiral Yukawa model with a left/right asymmetry in
Chap. 4. This scenario has a high predictive power and allows for the prediction of cer-
tain particle masses as, e.g., the Higgs mass. However, we encounter some shortcomings
connected to the appearance of Goldstone bosons that are not present in the standard
model, which motivates us to take into account gauge fields, see Sec. 4.5.
Another important open issue is represented by critical phenomena of statistical
physics systems in lower dimensions including fermions. In the past, d = 3 dimensional
fermionic systems with chiral symmetries such as QED3 or the Thirring model have been
under investigation in a variety of scenarios [127–136] with applications to condensed-
matter physics, high-Tc cuprate superconductors [137, 138] and, recently, graphene [139,
140]. In some of these models, the number of fermion flavors serves as a control parameter
for a quantum phase transition. Thus the critical number of fermions is an important
quantity and nonperturbative information about these models for varying flavor number
Nf is required. Since chiral fermions for arbitrary Nf still represent a challenge, e.g., for
lattice simulations, other powerful nonperturbative techniques are urgently needed. Chiral
fermion models offer the possiblity for quantitative comparisons between field-theoretical
methods, e.g. by computation of critical exponents at an interacting fixed point. In
Chap. 5 we investigate a three-dimensional chiral fermion model with a left/right asym-
metry. We classify all four-fermion interaction terms and identify fixed-point mechanisms.
The critical exponents define new universality classes and provide quantitative benchmark
values for systems of strongly correlated chiral fermions.
The pursuit of quantitative precision using functional renormalization group methods
for quantum fields at criticality is further pushed forward in Chap. 6. We investigate
aspects of the BCS-BEC crossover in ultracold fermionic atom gases. Indeed, also here
it is an underlying fixed-point structure giving rise to universal properties of the system.
This model is very well suited as a testing ground for non-perturbative methods and we
will show that our approach to functional renormalization can provide quantitative results
for strongly interacting quantum physics. Thereby, we apply recent conceptual advances,
namely bosonization, to include particle-hole fluctuations. Moreover, fluctuations of the
fermionic self-energy are considered to finally compute the critical temperature and the
single-particle gap with a considerable precision for the whole crossover.
As a last issue we turn to the subject of asymptotically safe gravity. Here, also the
ghost sector in quantum gravity is expected to have some possibly important influence
on the ultraviolet fixed point. However, this sector has been poorly understood up to
now as it was only considered in a classical treatment. A first attempt to fill this gap
7is presented in Chap. 7, where we provide further evidence for the asymptotic safety
scenario in quantum gravity by confirming the existence of an ultraviolet fixed-point
under inclusion of a curvature-ghost coupling. Conclusions are drawn in Chap. 8. We
would like to point out that throughout this work, rather technical and computational
issues are deferred to the appendix, in particular derivations of flow equations.
The compilation of this thesis is solely to the author, however, a large part of the work
presented here has been published in a number of articles and in collaboration with various
authors, which I cordially appreciate. Asymptotic safety for Yukawa systems has been
investigated in collaboration with Holger Gies and Stefan Rechenberger [56–58]. For the
three dimensional Yukawa systems Lukas Janssen joined the collaboration [59]. The work
on QEG was done with Holger Gies and Astrid Eichhorn [42]. The investigations on the
BCS-BEC crossover where done with Stefan Floerchinger, Sebastian Diehl and Christof
Wetterich [60, 61].
Chapter 2
Concepts and methods for quantum
fields at criticality
Quantum and statistical field theory constitute the fundament of our theoretical under-
standing of modern physics. In this chapter we introduce the basic methods and concepts
that are employed in this thesis to investigate problems in those two closely related ar-
eas. Indeed, quantum field theory describing phenomena in particle physics and statistical
physics can be described in the same conceptual setting of (euclidean) functional integrals,
which store the physical information in terms of correlation functions, see Sec. 2.1. The
functional integral representation of quantum field theory can be put in terms of an exact
renormalization group equation (ERGE), the Wetterich equation, see Sec. 2.2. Being
a universal theoretical method the Wetterich equation establishes a connection between
short- and long-distance physics in terms of the effective average or flowing action by act-
ing like a microscope with variable resolution. It allows for systematic non-perturbative
approximations of the effective action and the computation of universal as well as non-
universal quantities in field theory. Fixed-points of the renormalization group flow induce
universal critical dynamics in their vicinity, see Sec. 2.3, i.e. they provide universality as
observed in the critical behaviour of phase transitions, see Sec. 2.4. However, they can
also reveal underlying mechanisms that render a quantum field theory non-perturbatively
renormalizable and therefore a possible candidate for a fundamental and predictive theory,
see Sec. 2.5.
2.1 Functional integrals and effective action
In modern quantum field theory the basic objects are functional integrals allowing to
calculate the physical observables in terms of expectation values and correlation functions
on an incredibly huge configuration space. For quantum statistical physics one starts from
the partition function Z = Tr exp(− 1
T
H) which can be written in the form of a (D + 1)-
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dimensional functional integral, where D ∈ {0, 1, 2, 3} is the number of space dimensions.
Particle physics can be studied from a Wick-rotated four-dimensional functional integral,
conventionally known as the Feynman path integral. There is no difference between the
formulation of particle physics, i.e. quantum field theory, and the theory of many-body
statistical systems, besides the different symmetries.
Generating functional
Here and throughout this thesis we work in euclidean spacetime. A standard way to define




Dϕ e−S[ϕ]+JT ·ϕ , (2.1)
where S[ϕ] is the microscopic action subject to quantization and J = J(x) are arbitrary
sources or external fields. The form of S[ϕ] is governed by the field content and the
underlying symmetries of the theory we aim to describe and ϕ should be understood
as a composed superfield vector, for instance, in a Nambu-Gorkov formalism containing
all the field degrees of freedom. As an example we write down the field content of an
N -component scalar model
ϕ(x) = (φ1, φ2, ..., φN)(x) . (2.2)
These models, equipped with an O(N)-symmetry, are paradigmatic for quantum field
theories and have numerous applications in physics. The description of fermions requires
the introduction of anticommuting Grassmann fields. A common example therefore is a
bosonized Gross-Neveu model corresponding to a Yukawa model with the field content
ϕ(x) = (φ, ψT , ψ¯)(x) , (2.3)
where φ is a real scalar field and ψ represents a Dirac spinor. In Chap. 3 we shall
investigate a four-dimensional relativistic theory with such a field content, mimicking the
Higgs sector of the standard model. Moreover in Chaps. 4 and 5 we study similar but
more complicated theories including different numbers of left- and right-handed fermions,
complex bosons and even gauge fields.
In condensed matter physics non-relativistic models such as ultracold fermionic atoms
with two energetically accessible hyperfine states in thermal equilibrium are subject to in-
vestigations, see Chap. 6. Depending on the interaction strength they can form molecules
or collective bosonic states. This can be described with the aid of the following field vector:
ϕ(x) = (φ, φ∗, ψ1, ψ2, ψ∗1, ψ
∗
2)(x) . (2.4)
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For a quantum field theory of gravity, see Chap. 7, we consider the metric field gµν(x)
as the field content of (2.1). Then the superfield vector ϕ reads
ϕ(x) = (gµν , c
µ, c¯µ)(x) , (2.5)
where cµ and c¯µ represent Faddeev-Popov ghost fields required for the gauge fixing pro-
cedure.
The source terms J in the partition function (2.1) are introduced corresponding to the
field content in the microscopic action, where bosonic entries are real or complex and the
fermionic entries are Grassmann-valued. For brevity we define the following short-hand
notation for the scalar product:




Expectation values and correlation functions
Correlation functions are obtained by functional differentiation with respect to the source
terms Ji(x) evaluated at J = 0. The two point Green’s function is generated by the
operation










whereas the connected part of the Green’s functions is obtained from the Schwinger
functional
W [J ] = logZ[J ] . (2.8)
Explicitely, the connected two-point function which is the (full) propagator is
W
(2)








= 〈ϕi(x)ϕj(y)〉 − 〈ϕj(y)〉 〈ϕi(x)〉 . (2.9)
The one-point functions are the field expectation values in vacuum (for J = 0) and read






An efficient way to store the physical information is given by the effective action Γ, being
the generating functional of one-particle irreducible (1PI) correlation functions. It is
defined by a Legendre transform:
Γ[Φ] = sup
J
(J · Φ−W [J ]) . (2.11)
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The effective action Γ[Φ] governs the dynamics of the expectation value Φ = 〈ϕ〉, and
the minimum of Γ for vanishing source J defines the vacuum state of the fully quantized
system.
Now, we define Jsup to be the source field where J ·Φ−W [J ] approaches its supremum




(J · Φ−W [J ]) =⇒ Φ = δW [J ]
δJ
= 〈ϕ〉J . (2.12)
Thus, Φ is the expectation value of ϕ in presence of the source J .
The quantum equation of motion is obtained by taking the derivative with respect to








· Φj(y) + Ji(x)− δJj(y)
δΦi(x)
· δW [J ]
δJj(y)
= Ji(x) . (2.13)




















This equation states that the second functional derivative of the effective action is the
inverse propagator. Distinguishing between left and right derivatives also takes care of
the possible Grassmann nature of field variables.
2.2 Functional renormalization
Renormalization group (RG) methods allow to investigate the scale dependence of quan-
tum field theories and to construct non-perturbative approximate solutions to the full
effective action Γ. For our renormalization group approach [11] we introduce the concept
of the flowing action Γk, where k is a momentum scale and Γk interpolates between the mi-
croscopic action S = ΓΛ and the full effective action Γ = Γ0 that includes all quantum and
statistical fluctuations. The Wetterich equation establishes the interpolation procedure
by means of an exact flow equation for Γk and we obtain an initial value problem.
2.2.1 Flowing action and Wetterich equation
We define the IR regulated generating functional by
Zk[J ] ≡ eWk[J ] =
∫
Λ
Dϕ e−S[ϕ]−∆Sk[ϕ]+JT ·ϕ, (2.15)
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is a regulator term which is quadratic in ϕ. The regulator function Rk(q) should satisfy
lim
q2/k2→0
Rk(q) > 0, lim
k2/q2→0
Rk(q) = 0, lim
k2→Λ→∞
Rk(q)→∞, (2.17)
which implements an IR regularization, guarantees that we start with the classical action
S at the UV cutoff Λ and yields the full effective action Γ at k = 0. In principle the choice
of the regulator is only restricted by the requirements formulated in (2.17). The concrete
choice should be guided by symmetry considerations, see below.




(J · Φ−Wk[J ])−∆Sk[Φ]. (2.18)





implying that Γk[Φ] governs the dynamics of the expectation value Φ, where the quantum
averaging procedure has been performed from microscopic fluctuations at a UV cutoff Λ
down to a momentum scale k. Note that similar to Eq. (2.14) we find (Γ
(2)
k +Rk)·W (2)k = 1.














where ∂t = k
d
dk
and STr is the trace operation in super-field space and involves an inte-
gration over momenta (or coordinates) as well as a summation over internal indices. In















Eq. (2.20) can straightforwardly be derived from the definitions Eqs. (2.15) and (2.18),
see App. A. The regulator function Rk(q) provides an infrared cutoff for the theory
by adding a mass term to the propagator and thereby cutting off all small-momentum
divergencies. Another important property is that it also acts as an ultraviolet regulator
by means of the derivative insertion ∂tRk that cuts off large momentum modes. This leads
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to the fact that at each renormalization step only a narrow shell of momentum modes is
integrated out by the flow equation. The flow equation forms the starting point of our
further investigations.
From the perspective of perturbation theory, the solution of the Wetterich equation
(2.20) corresponds to a resummation of infinitely many Feynman diagrams. Finding exact
solutions to equation (2.20) for non-trivial theories is not possible in general and it is nec-
essary to use truncations in the space of action functionals to find approximate solutions.
However, approximations do not have to rely on the existence of a small expansion pa-
rameter like the interaction strength and they are therefore of a non-perturbative nature.
For reviews of the functional renormalization group method see [12–16].
2.2.2 Truncations
The Wetterich equation represents a functional differential equation for Γk[Φ]. Approxi-
mate solutions can be constructed by choosing truncations in the space of possible action







with Oi[Φ] being field operators and gi,k are generalized coupling constants. Generally,
the set of field operators cannot be chosen to constitute a complete set and we are left to
choose a finite or infinite subspace for an ansatz that can be inserted into the Wetterich
equation. Systematical truncations are usually given in terms of expansions, e.g. the


















a that can be expanded as a
polynomial in ρ. We deal with this type of expansion in Chaps. 3, 4, 5 and 6.
Choosing a suitable truncation generally requires also some experience and insight into
the physical problem. The derivative expansion has been well investigated in a variety
of systems and proved to contain the relevant degrees of freedom, yielding quantitatively
satisfactory results. RG flows in derivative expansions for Yukawa systems have, for
instance, been successfully studied for QCD applications [62–65], critical phenomena [66,
67], and ultra-cold fermionic atom gases [60, 68, 69].
Symmetries
Another essential guiding principle for the choice of the truncation are symmetries. If
the regulator term ∆Sk is chosen to respect the symmetries of the microscopic action and
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no anomalies are generated by the functional measure also the flowing action Γk respects
those symmetries. The constraints from the symmetries are modified if this is not the
case, which is reflected in modified Ward identities [16].
As a common strategy to find a truncation one can take the microscopic action S
or an effective action functional Γ derived from another approximation scheme like, e.g.
perturbation theory. Subsequently, we can add further field operators Oi[Φ] compatible
with the symmetries of the microscopic action and promote the appearing couplings to
be dependent on the scale k.
We encounter various different symmetries in this thesis ranging from Lorentz-invariance
in Chaps. 3 and 4 to Galilean-inavariance (Chap. 6 for T = 0), diffeomorphism invariance
(Chap. 7), but also discrete symmetries like parity, charge-conservation and time reversal,
see Chap 5. Further discrete and continuous symmetries are discussed for the different
models in the corresponding chapters .
Regulators and optimization
The regulator couples through the flow equation to all vertex functions of the theory, so
the flow trajectory of the effective average action Γk depends on the regulator. In this
way the regulator also modifies the effective interactions at intermediate scales k 6= 0,
which means that the effective action still remembers some details of how the process
of integrating out momentum-shells has been performed. For the full flow however, this
regulator dependence is of no relevance, since the convergence towards the full quantum
effective action for any regulator ensures that the regulator induced interactions vanish
in the physical limit.
Approximations imply that certain vertices and/or the momentum dependence thereof
are neglected in the theory. Then the cancellation of regulator induced interactions during
the flow in the limit for k → 0 can not completely be performed. The consequence is,
that approximations to the full effective action depend on the regulator scheme and the
question raises how it is possible to identify a regulator scheme, that ”optimizes” the
physical content of an approximation [16, 70, 71]. A way to do this is, e.g., derived in
[71]. The basic idea consits of maximising the gap
minq2≥0(Γ
(2)
k +Rk) = Ck
2 > 0 . (2.24)
that appears in the denominator on the r.h.s. of the Wetterich equation, so that the
contribution to the flow is as small as possible. The same result can be obtained by an
alternative criterion formulated in [16]. Optimized regulators stabilise the flow and lead
to faster convergence of expansions, as advocated in [71]. The physical information is
mainly stored in the few leading terms, that are relevant for the theory, while the other
contributions from higher vertex functions remain small.
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Example: O(N)-model in 3d (Truncation, regulator, flow equations)
As an explicit example we discuss an N -component scalar field theory in three dimensions
with O(N)-symmetry and a truncation based on Eq. (2.23). The optimization procedure
leads to a regulator reading
Rk = Zk(k
2 − q2)Θ(k2 − q2) . (2.25)
We truncate as in (2.23) and set Zk(ρ) = Zk, Yk(ρ) = 0, .... Further we introduce
dimensionless quantities ρ˜ = Zkρ/k, uk(ρ˜) = Uk(ρ)/k
3. Plugging this ansatz into the
Wetterich equation yields flow equations for the dimensionless effective potential uk and
the wave function renormalization Zk, expressed in terms of the anomalous dimension
ηφ = −∂tZk/Zk:
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where primes should be understood as derivatives with respect to ρ˜.
2.3 Fixed points in quantum field theory
Nowadays we understand most theories of physics as being “effective” theories. They
describe phenomena at some typical momentum scale k with a reasonable accuracy. On
the other hand, they neglect phenomena that are not relevant at this momentum scale.
Often, the relevant degrees of freedom change with the scale, as e.g. in Quantum Chromo-
dynamics (QCD) where in the high energy regime we find quarks and gluons, whereas in
the low energy limit physics is best described by mesons and baryons. Functional renor-
malization describes this transition between different regimes going from one (effective)
theory to another.
A particular role in the context of scale dependent theories is played by fixed points
in the renormalization group flow. In the vicinity of a fixed-point the renormalization
group running is very slow and the physics of a system can be largely dominated by the
properties of the fixed point, e.g. giving rise to universality of critical phenomena, see
Sec. 2.4. Moreover, there is a widespread belief that quantum field theory in most cases
only accounts for effective theories and that it is not suited to constitute a fundamental
theory but should be replaced by another concept at some microscopic scale. This is due
to the apparent non-renormalisability of important action functionals, e.g. the Einstein-
Hilbert action describing gravity [72–75]. A similar problem arises in the standard model
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of particle physics which is plagued by the problem of triviality in the sector describing
quantum electrodynamics (QED) [2, 76–78] as well as in the Higgs sector [7, 79–84] and
cannot be extended beyond a certain ultraviolet scale. In this context RG fixed points
offer a more general conceptual understanding of quantum field theroy with the possibility
to promote a theory to be fundamental (and not only effective). This was elucidated by
Steven Weinberg when he introduced the idea of asymptotic safety [18, 22, 85] based on
the existence of an ultraviolet fixed point, see also Sec. 2.5 for more details. Here, we
introduce the technical basics for the discussion of RG fixed points.
2.3.1 The effective field theory picture
The notion of an effective field theory includes the idea that an action functional Γk[Φ]
can describe physical phenomena at some momentum scale k and that a tree level eval-
uation suffices to describe physics at that scale. It is implicitely supposed that all the
fluctuations of quantum fields with momenta larger than k of an underlying microscopic
action have been integrated out to yield Γk[Φ]. The dominating microscopic degrees of
freedom describing physics at scales Λ  k might be quite different from the degrees of
freedom gathered in the super-field vector Φ for the scale k, e.g., compare quarks and
gluons to mesons and baryons. Note that in the context of this section Γk[Φ] should be
understood in the spirit of the concept of effective field theories not necessarily relying on
the developements from the previous chapter on Wetterich‘s renormalization group ap-
proach. However, we can expand a general action functional for an effective field theory




gi,kOi[Φ], e.g. Oi[Φ] =
{
Φ2,Φ4, (∂Φ)2, . . .
}
. (2.28)
2.3.2 Renormalization group flow, β functions
The dependence of an effective theory on the scale k can be obtained from a renormal-
ization group approach. The renormalization group flow in the theory space of action





Here, the scale dependence of the effective field theory Γk[Φ] is formulated in terms of the
scale dependence of running couplins
∂tgi,k = βi,k(g1,k, g2,k, ...) . (2.30)
The field operators span the theory space, as is shown in Fig. 2.1. In the left panel of
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Figure 2.1: Sketch of a 3-dimensional subspace of theory space.
Fig. 2.1 a sketch of the renormalization group flow in a subspace of three operators with
associated couplings g1, g2 and gi is shown. The position of the effective average action
Γk[Φ] in theory space is given by a set of coordinates of running couplings {gi,k}. As
we lower the scale from k to k − ∆k by an RG step, the transformation of the running
couplings and so the change of position in theory space is described by the β functions
and we end up at a different effective field theory Γk−∆k[Φ] at the new scale.
Renormalization group fixed point
A fixed-point is a point g∗ = {g∗i } in theory space where the running of all dimensionless





2, ...) = 0 ∀ i . (2.31)
A fixed point is called non-Gaußian, if at least one fixed-point coupling is nonzero g∗j 6= 0.
Example: O(N) model in 3d (β functions, fixed points)
For the scalar O(N)-model we display the β functions computed by means of the Wet-
terich equation for an effective potential uk expanded in terms of a running non-vanishing




(ρ˜− κk)2 . (2.32)
This ansatz yields flow equations for κk and λ2,k
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Setting equations (2.33) and (2.34) equal to zero and using equation (2.35) yields fixed-
points solutions {κ∗, λ∗2}, e.g. for N = 3 we obtain {κ∗, λ∗2}={0.0490,6.711} .
2.3.3 Critical behaviour near a fixed point
The stability or instability of small deviations from a fixed point determine the topology
of the flow in the space of coupling constants. In the vicinity of a fixed point g∗ = {g∗i }
we can study the behaviour of the renormalization group trajectories using the linearized
flow equations
∂tgi = Bi
j(gj − g∗j ) +O
(





is the stability matrix. We diagonalize the stability matrix Bi
j,
Bi
j V Ij = −ΘIV Ii , (2.37)
in terms of right-eigenvectors V Ii enumerated by the index I which labels the order of the
RG eigenvalues ΘI according to their real part, starting with the largest one, Θ1. The
RG eigenvalues allow for a classification of physical parameters by analyzing the solution












Here the integration constants CI =const. define the initial conditions at a reference scale
k0. Eigendirections with Re{ΘI} > 0 are called relevant directions and drive the system
away from the fixed point as we evolve the flow towards the infrared. Those infrared
unstable directions determine the macroscopic physics. Eigendirections with Re{ΘI} < 0
die out and flow into the fixed point towards the infrared. They are thus called the
irrelevant (infrared stable) directions. For the marginal directions Re{ΘI} = 0, it depends
on the higher-order terms in the expansion about the fixed point. The number of relevant
and marginally-relevant directions determines the number of physical parameters to be
fixed. For the flow away from the fixed point, the linearized fixed-point flow Eq. (2.38)
generally is insufficient and the full nonlinear β functions have to be taken into account.
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2.4 Critical behaviour of phase transitions
In statistical physics, one finds that completely different thermodynamic systems show the
same quantitative behavior near a critical point, e.g. a phase transition. As an example
consider a gas-fluid system or a ferromagnet at the critical point. Looking through a
microscope we will see droplets (or domains) of various sizes. We will find droplets in
bubbles and bubbles in droplets as a manifestation of strong fluctuations. A change of
magnification and contrast of the microscope, which basically consitutes a change of the
observation scale, yields the same overall picture for the system and we say the system is
scale invariant at criticality. In the vicinity of these critical points long-range fluctuations
of the field are important and the behavior of the theory is independent of its microscopic
details. There it can be described by a set of scaling relations and pure numbers, the
critical exponents. This phenomenon is called universality. Typical scaling relations
can be studied with the two-point correlation function G(x, 0) (see Eq. (2.7)) between
fluctuations at the origin and at spacetime point x, e.g. for an O(1) model. Near a critical
point we expect G(x, 0) to decay exponentially
G(x, 0) ∼ e−|x|/ξ, (2.39)
where ξ is the correlation length. The critical point is reached by tuning the temperature
T to the critical temperature Tc, which results in an increase to infinity for the correlation






where we defined the critical exponent ν. At the critical temperature the correlation
function decays as a power law
G(x, 0) ∼ |x|2−d−η, (2.41)
with the critical exponent η and d denotes the number of euclidean spacetime dimensions.
Such scaling laws cannot be deduced from any fixed order perturbation theory calculation,
since there are inherently nonperturbative phenomena underlying these laws. The idea
to postulate such relations goes back to Ben Widom [86] and can be proved through a
general RG analysis [4, 5].
For ultracold fermion gases near a so-called Feshbach resonance we can even observe
an enhanced universality, where the complete phase diagram is determined in terms of
only two parameters. We will come to this issue in Chap. 6.
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RG perspective
At a critical point of a second order phase transition one expects a scaling behaviour of
the dimensionless rescaled effective potential uk(ρ˜). An RG trajectory starting at some
arbitrary uΛ(ρ˜) at a microscopic scale Λ can have an evolution that flows towards the
k-independent scaling solution and stays close to it over a very large range of scales k. At
the end of the RG running (k → 0), for a system close to the phase transition, deviations
from the scaling solution occur and the system ends up either in the symmetric phase
characterized by a vanishing order parameter or in the phase of spontaneously broken
symmetry. Such a “near-critical” trajectory becomes insensitive to the details of the
microscopic theory which determines the initial conditions for the RG evolution. The
trajectory can be tuned to be close to criticality by the relevant parameters in uk(ρ˜)
and then the infrared shape of uk(ρ˜) becomes independent of the choice of irrelevant
parameters in uΛ(ρ˜), implying the universal behaviour. Examples for relevant parameters
are temperature and external magnetic field in an uniaxial ferromagnet or pressure and
temperature for a normal fluid.
Naturally, scale-invariance of a system is found at a renormalization group fixed point.
The critical exponents characterizing the critical point are connected to the RG eigen-
values ΘI of the fixed-point. They define the universality class of a system. The largest
(positive) RG eigenvalue Θ1 is associated with the strongest RG relevant direction. The
parameter corresponding to a relevant direction can be used to tune the system to or
away from criticality and so it is related to the distance of the temperature from the
critical temperature, cf. Eq. (2.40). Thereby a relation between Θ1 and the critical
exponent ν can be established, reading ν = 1/Θ1. Similarly, we can identify the critical
exponent η with the fixed-point value of the anomalous dimension η = η∗φ. Further, the
first subleading exponent is traditionally called ω = −Θ2.
Example: O(N)-model in 3d (RG eigenvalues, critical exponents)
From the fixed-points present in the O(N)-models we can extract the RG eigenvalues ΘI
and compute the critical exponents. In Tab. 2.1 we list the critical exponents ν and η for
N ∈ {0, 1, 2, 3, 4, 10} obtained using the next-to-leading order derivative expansion with
a polynomial expansion for the effective potential up to 12th order in field monomials. A
simple mathematica-notebook [87] computing the leading critical exponents for arbitrary
N in this approximation using the Wetterich equation can be found here:
http://www.tpi.uni-jena.de/qfphysics/homepage/scherer/3dONmodel.nb .
We compare our results to high accuracy computations by J. Zinn-Justin et al. using
resummed perturbation expansions [88], see Tab. 2.1. Given the simplicity of our approx-
imation our results show a very reasonable agreement. A more detailed analysis of the
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Application in d = 3 ν νZJ[88] η ηZJ[88]
N=0 Polymer chains 0.59 0.5882(11) 0.040 0.0284(25)
N=1 Liquid-vapor transition 0.64 0.6304(13) 0.044 0.0335(25)
N=2 Helium superfluid transition 0.68 0.6703(15) 0.044 0.0354(25)
N=3 Ferromagnetic phase transtion 0.73 0.7073(35) 0.041 0.0355(25)
N=4 0.77 0.741(6) 0.037 0.035(4)
N=10 0.89 0.859 0.021 0.024
Table 2.1: Critical exponents for O(N)-models in three dimensions.
convergence and stability of functional RG methods for three-dimensional O(N)-models
can be found in [89].
2.5 Asymptotic safety
In an asymptotically safe quantum field theory the microscopic action entering the func-
tional integral approaches an (interacting) fixed point for the limit of an infinite ultraviolet
cutoff. This renders the theory well-defined in the limit of arbitrarily high energies and
therefore can promote an effective quantum field theory to a candidate for a fundamental
theory [18, 22, 85].
Suppose there is a (possibly non-Gaußian) ultraviolet fixed point Γ∗ in the theory
space of action functionals, coordinatized by the subset of essential couplings (see r.h.s.
of figure 2.1). The essential couplings are those couplings that cannot be absorbed by field
reparametrizations. If we can find an RG trajectory which connects Γ∗ with a meaningful
physical theory represented by an effective average action ΓIR at some infrared scale,
then we have found a quantum field theory, which can be extended to arbitrarily high
scales, since for the cutoff scale Λ→∞ we just run into the fixed point and the theory is
asymptotically safe, i.e. free from pathological divergencies, see left panel of Fig. 2.2, left
panel.
2.5.1 Critical behaviour of asymptotic safety
In section 2.3.3 we already discussed the critical behaviour in the vicinity of a fixed point,
however, with a perspective where we evolve the RG scale k towards the infrared. For the
concept of asymptotic safety, where the fixed-point is supposed to govern the theory in
the ultraviolet we invert the discussion. For convenience we display again equation (2.38)
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Figure 2.2: Asymptotic safety in theory space.
For the flow towards the ultraviolet, the relevant directions (Re{ΘI} > 0) are attracted
towards the fixed point. We define the critical hypersurface S as the set of all points in
theory space that run towards the fixed point as k → ∞, i.e. the points lying on RG
relevant trajectories. The tangential space of S is spanned by the relevant RG eigenvectors
V Ii , see (2.37) and the number of linearly independent relevant directions at the fixed point
corresponds to the dimension of S. As before these directions determine the infrared
physics and the number of physical parameters to be fixed. Therefore the theory is
predictive if dim(S) is finite. The directions with Re{ΘI} < 0 run away from the fixed
point as we increase k, see left panel of Fig. 2.2. Contrary, as we decrease k, the irrelevant
directions rapidly approach the critical surface, as displayed in Fig. 2.2, right panel.
Therefore, the observables in the IR are all dominated by the properties of the fixed point,
independently of whether the flow has started exactly on or near the critical surface. This
establishes the predictive power of the asymptotic safety scenario.
An RG eigenvalue ΘI much larger than zero, say of O(1), implies that the RG trajec-
tory rapidly leaves the fixed-point regime towards the IR. Therefore, separating a typical
UV scale where the system is close to the fixed point from the IR scales where, e.g.,
physical masses are generated requires a significant fine-tuning of the initial conditions.
In the context of the standard model, the size of the largest ΘI is a quantitative measure
of the hierarchy problem.
2.5.2 A simple example
Suppose an action functional of a theory can be sensibly parametrized by only two field
operators with the corresponding couplings {g1,k, g2,k}. Further, suppose that this action
functional has a (non-Gaußian) RG fixed-point {g∗1, g∗2} with one relevant direction (Θ1 >
0) and one irrelevant direction (Θ2 < 0). According to (2.38) the equations for the
linearized flow read
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When we are close to the fixed point and increase the scale k, i.e. we run towards the
ultraviolet, the relevant term containing the critical exponent Θ1 vanishes. However, the
irrelevant term grows large as Θ2 < 0. In order to make sure, we run into the fixed point


















We observe that there is only the parameter C1 left to fix. This is where we have to get
some input, e.g. from an experiment that gives us an infrared value, e.g. for the coupling
g1,IR. We now have to pick the RG trajectory of the full flow that connects the UV fixed
point regime with g1,IR. As the RG trajectories do not intersect, this choice is unique.
From this procedure we can find C1 at some chosen reference scale (see Fig. 2.3). The
flow is now completely fixed (from the input g1,IR) and we can evolve it from the UV to
the IR which provides us with a prediction for g2,IR. This visualizes the predictive power
of the asymptotic saftey scenario.
2.5.3 Candidates for asymptotically safe systems
A paradigm example for an asymptotically safe theory are four-fermion models such as
the Gross-Neveu model in 2 < d < 4 dimensions [90–92]. Even though these models are
perturbatively not renormalizable and thus seemingly trivial, they are nonperturbatively
renormalizable at a non-Gaußian fixed point and hence can be extended to arbitrarily
high scales.
Further, the scenario has been applied to a number of models ranging from various
other four-fermion models [93, 94] and nonlinear sigma models in d > 2 [95] to extra-
dimensional gauge theories [96]. However, it is especially in the context of gravity that
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the idea of asymtpotic safety has gained considerable attention during the last 10 years. In
fact, there is a lot of evidence that such an interacting fixed point exists for diffeomorphism
invariant actions, allowing for a formulation of a non-perturbative renormalizable quantum
field theory of gravity [20, 24–49]. A contribution to this evidence is given in Chap. 7
In the subsequent chapter we will pave the way for an asymptotically safe setting
for the standard model by investigating various Yukawa systems as toy models. Our
approach does not introduce new degrees of freedom or further symmmetries and thus
no new parameters. Indeed, asymptotic safety can lead to a reduction of parameters and
have high predictive power. Comprehensive reviews on asymptotic safety can be found in
[21–23].
2.5.4 Asymptotic safety mechanisms in Yukawa Systems
The standard model of particle physics is a very successful theory that is in agreement with
numerous high-precision experiments. One crucial building block is the Higgs sector which
renders the perturbative expansion of correlation functions well defined and parameterizes
the masses of matter fields and weak gauge bosons. So far, the Higgs sector has only been
indirectly tested by the precision data of particle collider experiments. In the next years
it will be directly explored at the LHC. Beyond this success, two problems of the standard
model persist: the triviality problem and the hierarchy problem. At first sight the Landau
poles of perturbation theory in the QED and the Higgs sector suggest that one should
introduce new degrees of freedom or a new concept. However, in the perturbative setting of
the standard model, the only fixed point is the Gaußian fixed point, which is not connected
to a physically sensible (non-trivial) effective action in the IR. It is in this context that
an asymptotically safe scenario is very appealing. A non-perturbative computation of
the Higgs sector including fermions and also gauge fields can reveal whether the problem
of triviality still persists or whether the theory can be asymptotically safe in Weinberg’s
sence, i.e. by acquiring a fixed point in the ultraviolet. As a step towards such a scenario
we investigate the fixed-point structure of various Yukawa systems representing toy models
for the standard model.
Triviality in the standard model
The triviality problem is a severe problem inhibiting an extension of the standard model
to arbitrarily high momentum scales. The scale of maximum ultra-violet (UV) extension
ΛUV,max induced by triviality is related to the Landau pole of perturbation theory. Triv-
iality problems occur in both the Higgs sector [7, 79, 81–84] as well as the U(1) gauge
sector [2, 76–78]. However, since ΛUV, max of the Higgs sector is much smaller than that
of the U(1) sector [78], evading triviality in the Higgs sector is of primary importance. In
fact for heavy Higgs boson masses, the scale of maximum UV extension ΛUV,max could be
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much smaller than the Planck or GUT scale [97–102]. For supersymmetrically extended
models, ΛUV,max can be even smaller than in the standard model [103].
Traces of the triviality problem can already be found in perturbation theory. The
relation between bare and renormalized four-Higgs-boson coupling λφ4 in one-loop RG-










, β0 = const. > 0, (2.45)
where λΛ is the bare and λR the renormalized coupling; Λ is the UV cutoff scale and
mR denotes a renormalized mass scale. The first β function coefficient β0 is generically
positive for φ4 theories. Keeping λR and mR fixed, say as measured in an experiment
at an infrared (IR) scale, an increase of the UV cutoff Λ has to be compensated by an
increase of the bare coupling λΛ. But λΛ eventually hits infinity at a finite UV scale
ΛL = mR exp[1/(β0λR)]. This Landau pole provides for a first estimate of the scale of
maximum UV extension ΛL ' ΛUV,max.
Of course, perturbation theory is useless for a reliable estimate of ΛUV,max, since it is
an expansion about zero coupling. Near the Landau pole, nonperturbative physics can
set in and severely modify the picture. In fact, the QED Landau pole has been shown
to be outside the physical parameter space, since it is screened by the nonperturbative
phenomenon of chiral symmetry breaking [77, 78]. (Still, there remains a finite scale
of maximum UV extension ΛUV,max < ∞.) A study of the triviality problem therefore
mandatorily requires a nonperturbative tool.
The hierarchy problem
The hierarchy problem is not a fundamental problem in the sense of rendering the standard
model ill-defined instead it is a fine-tuning problem of initial conditions and arises also
from the properties of the Higgs sector. For generic values of the initial squared bare Higgs
mass scalem2Λ ∼ Λ2 at UV cutoff Λ, the system is either in the symmetric phase exhibiting
no electroweak symmetry breaking or it is in the broken phase with gauge-boson, Higgs-
boson and fermion masses of order Λ. Both phases are separated by a quantum phase
transition at a critical value m2Λ,cr. A large hierarchy, i.e., a large separation of particle
masses from the cutoff scale, requires an extremely fine-tuned value of m2Λ close to the
critical value. For instance, separating the scale of electroweak symmetry breaking ΛEW
from the UV scale, e.g., given by a GUT scale ΛGUT, requires to fine-tune m
2
Λ to mΛ,cr
within a precision of Λ2EW/Λ
2
GUT ∼ 10−28.
This problem of “unnatural” initial conditions stems from the fact that the mass
parameter in the Higgs sector renormalizes quadratically ∼ Λ2. In a renormalization
group (RG) language, the critical value m2Λ,cr denotes a strongly IR repulsive fixed point
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with critical exponent Θ = 2. Again, these statements hold in the vicinity of the Gaußian
fixed point, where all couplings are small and perturbation theory can be applied. We
stress that there is nothing conceptually wrong with fine-tuned initial conditions but it is
generally considered as unsatisfactory. A solution of the hierarchy problem should either
explain the fine-tuned initial conditions within an underlying theory or correspond to a
UV extension of the standard model which has no critical exponents significantly larger
than zero, implying a slow, say logarithmic, running of the parameters.
Asymptotic Safety of Yukawa Systems
Yukawa models can be used as simple toy models mimicking some important features of
the Higgs sector of the standard model. A non-perturbative computation of the RG flow
and an analysis of its fixed points gives insight to the question if the theory might be
asymptotically safe. Such a fixed-point can be induced by a balancing of the fermionic
and the bosonic fluctuations of in Yukawa models.
Conformal vacuum expectation value
The RG flow of a four-dimensional Yukawa model can be in the symmetric (SYM) regime
or in the regime of spontaneous symmetry breaking (SSB) where the bosonic field expec-
tation value v is nonzero, v > 0. Whereas we do not find interacting fixed points in the
SYM regime, the structure of the flow becomes richer in the SSB regime, since new inter-
actions can be mediated by the condensate. Our central idea is that the contributions with
opposite sign from bosonic and fermionic fluctuations to the vacuum expectation value
(vev) can be balanced such that the vev exhibits a conformal behavior, v ≡ 〈ϕ〉 ∼ k. The
dimensionless squared vev κ = 1
2
v2/k2 has a flow equation of the form
∂tκ ≡ ∂t v
2
2k2
= −2κ + interaction terms. (2.46)
If the interaction terms are absent, the Gaußian fixed point κ = 0 is the only conformal
point, corresponding to a free massless theory. If the interaction terms are nonzero, e.g.,
if the couplings approach interacting fixed points by themselves, the sign of these terms
decides about a possible conformal behavior. A positive contribution from the interaction
terms gives rise to a fixed point at κ > 0 which can control the conformal running over
many scales. If they are negative, no conformal vev is possible. Since fermions and
bosons contribute with opposite signs to the interaction terms, the existence of a fixed
point κ∗ > 0 crucially depends on the relative strength between bosonic and fermionic
fluctuations. Roughly speaking, the bosons have to win out over the fermions.
In Fig. 2.4, we sketch various options for the flow of the dimensionless squared vev
κ. The solid line depicts the free massless theory with a trivial Gaußian fixed point at















Figure 2.4: Left panel: β-function of the dimensionless squared Higgs vacuum expectation
value κ. Right panel: Loop contributions to the renormalization flow of the vev.
κ = 0 . If the fermions dominate, the interaction terms are negative and the fixed point
is shifted to negative values (being irrelevant for physics), cf. dotted line. If the bosonic
fluctuations dominate, the κ flow develops a non-Gaußian fixed point at positive values
κ∗ > 0 that can support a conformal behavior over many orders of magnitude, cf. dashed
line. This fixed point is UV attractive, implying that the vev is a relevant operator near
the fixed point. If the interaction terms are approximately κ independent, the slope of
∂tκ near the fixed point is still close to −2, corresponding to a critical exponent Θ ' 2
and a persistent hierarchy problem. An improvement of “naturalness” could arise from a
suitable κ dependence of the interaction terms that results in a flattening of the κ flow
near the fixed point, cf. dot-dashed line. Whether or not this happens is not an input
but a result of and can be computed within the theory.
The simplest system we investigate is a Z2-invariant Yukawa system with an number
Nf of Dirac fermions and a single component real scalar field, see Chap. 3. Here, we
find fermionic dominance for one or more fermion flavors, excluding an asymptotic safety
scenario of this kind. In fact, a careful analysis of the model in the SYM regime as
well as the SSB regime reveals that no non-Gaußian fixed point exists in the accessible
parameter range neither for strong coupling nor induced by balanced threshold behavior.
Nevertheless, this fermion dominance is not an unavoidable property of the system, but a
result of the algebraic details of the model. This is illustrated by treating the flavor number
Nf as a continuous variable. We observe boson dominance for Nf . 0.3, implying the
existence of a suitable non-Gaußian fixed point and a non-trivial interacting fundamental
theory valid on all scales. We also find a dependence of the largest critical exponent on the
flavor number, supporting also reductions from the value Θ = 2. However, a significant
hierarchy always remains in the simple models considered here.
Two features render our mechanism particularly attractive: first, the UV fixed-point
properties are such that the system has one parameter less than expected; in other words,
once the top mass and the vev are fixed, the Higgs mass is a true prediction of the
theory. Second, the set of all possible flows that start from the UV fixed point lead
to a constrained set of physical low-energy values; most importantly, the top mass does
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generically not become much lighter than the vev, offering a natural explanation for the
large mass of the top.
In a second step, we construct a model with standard-model-like symmetries along
these lines of research, see Chap. 4. We introduce NL left-handed fermion species ψ
a
L
(a ∈ {1, ..., NL}) and one right-handed fermion ψR, as well as NL complex bosons φa. All
fields live in the fundamental representation of the left-handed chiral symmetry group
U(NL)L. The Yukawa coupling is then realized by a term h¯(ψ¯Rφ
a†ψaL − ψ¯aLφaψR).
In comparison to left-right symmetric models, this model has an interesting new fea-
ture concerning the relative weight of the boson interaction terms contributing to the
renormalization of the dimensionless vev κ (see right panel of figure 2.4): diagrammati-
cally speaking, the inner structure of fermion components in the fermion loop for a specific
choice of external boson legs is fully determined. On the other hand, the boson loop ob-
tains contributions from all NL components and so is linear in NL. In this way, NL serves
as a control parameter for boson dominance and for the potential existence of a non-
Gaußian fixed point. Already at this qualitative level of the discussion, it is worthwhile
to stress that the standard model has such a left-right asymmetric structure which can
support the conformal-vev fixed point.
In a last step we also include gauge fields in our left-right asymmetric models, to
overcome some problems discovered with the model without the gauge bosons, see Sec.
4.5.2.
Chapter 3
Fixed-point structure of Z2-invariant
Yukawa systems
In this chapter, we study a possible asymptotic safety scenario for a four-dimensional
Z2-invariant Yukawa theory. The model involves one real scalar field φ and Nf Dirac
fermions ψ. It mimics the Higgs sector of the standard model in the sense that spon-
taneous symmetry breaking (SSB) in the scalar sector generates fermion masses. As a
further important feature no Goldstone bosons are generated due to the discreteness of
the symmetry. We investigate the fixed-point structure of the RG flow of this model to
see if it allows for asymptotic safety which would allow to understand the scalar field φ
and the fermion field ψ as fundamental quantum fields.
In the spirit of perturbative power-counting near the Gaußian fixed point, the micro-














φ4 + ψ¯i/∂ψ + ih¯φψ¯ψ
)
, (3.1)
where the bare parameter space would be spanned by the boson mass m¯, the boson
interaction λ¯ and the Yukawa coupling h¯. Here, however, we allow for more general
actions also near interacting fixed points and only impose the discrete chiral symmetry,
ψ → eipi2 γ5ψ, ψ¯ → ψ¯eipi2 γ5 , φ→ −φ . (3.2)
We restrict the truncation for the flowing action to bilinears in the fermions and expand
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where ρ = 1
2
φ2. We also confine ourselves to a Yukawa term linear in φ. In many cases, it
suffices qualitatively to expand the effective potential in powers of ρ, see below. Keeping
the wave function renormalizations Zφ,k, Zψ,k fixed defines the leading-order derivative
expansion. At next-to-leading order, the flows of the wave function renormalizations are
described in terms of anomalous dimensions ηφ = −∂tlnZφ,k, ηψ = −∂tlnZψ,k . In order
to fix the standard RG invariance of field rescalings, we define the renormalized fields as
φ˜ = Z
1/2
φ,k φ, ψ˜ = Z
1/2
ψ,kψ and introduce the dimensionless renormalized quantities
ρ˜ = Zφ,kk






k, uk(ρ˜) = k
−4 Uk(ρ)|ρ=k2ρ˜/Zφ,k , (3.4)
including the dimensionless renormalized Yukawa coupling and the dimensionless poten-
tial. The flow equation for the effective potential for an arbitrary number of dimensions
d has been derived in [66, 104]. For our purposes, we specialize to d = 4 and use an
optimized regulator function Rk (see App. B), yielding


















The effective potential encodes information about the symmetry status of the system.
The vacuum expectation value of the quantum field corresponds to the minimum φmin of
the effective potential which satisfies the field equation ∂Uk
∂φ
|φmin = 0. In the symmetric
regime (SYM), we have φmin = 0 such that the dimensionless effective potential can be











ρ˜3 + ... , (3.6)
where m2k, λ2,k, λ3,k, . . . are dimensionless mass and coupling parameters, respectively.
In the SSB regime, where the minimum of the effective potential uk acquires a nonzero








(ρ˜− κk)3 + .... (3.7)
Given the flow of uk (3.5), the flows of m
2
k or λn,k in both phases can be read off from an
expansion of the flow equation and a comparison of coefficients. For the flow of κk, we














The flow equations for the running parameters are given explicitly in the following sections
for SYM and SSB separately. For convenience, we suppress the index k from now on.
Parameter constraints
As our truncation is based on a derivative expansion, satisfactory convergence is expected
if the higher derivative operators take little influence on the flow of the leading-order
terms. In the present case, the leading-order effective potential and Yukawa coupling
receive higher-order contributions only through the anomalous dimensions. Therefore,
convergence of the derivative expansion requires
ηψ,φ . O(1). (3.9)
Here and in later chapters, this condition will serve as an important quality criterion for
our truncation.
The SYM regime is characterized by a minimum of uk at vanishing field. A simple
consequence is that the mass term needs to be positive, m2 > 0. Also, the potential
should be bounded from below, which in the polynomial expansion translates into a
positive highest nonvanishing coefficient λNp > 0. In the SSB regime, the minimum must
be positive, κ > 0, the potential should be bounded, and in addition the potential at the
minimum must have positive curvature λ2 > 0. Finally, Osterwalder-Schrader positivity
requires h2 > 0 and we obtain the set of constraints
h2, m2, κ, λ2, λNp > 0. (3.10)
The symmetric regime
In addition to the flow of the effective potential (3.5) we have flow equations for h2 and
the anomalous dimensions in the SYM regime which read [66, 104]:
∂th


























There is no acceptable fixed point in the symmetric regime. This can be traced back
to the properties of the Yukawa coupling flow: Eq. (3.12) together with the parameter
constraint on the anomalous dimensions Eq. (3.9) imply that the anomalous dimensions
should be positive as h2 is positive and small ηφ,ψ cannot cause a negative sign in Eq.
(3.12). As a result all the contributions in the equation for the Yukawa coupling, Eq.
(3.11), are positive, which is confirmed by a detailed analysis given in [56]. However, for
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a fixed point to exist it requires a negative contribution on the right-hand side of Eq.
(3.11). So, the simple Yukawa system in SYM shows no sign of asymptotic safety.
3.1 Regime of spontaneous symmetry breaking
In the SSB regime further effective interactions arise owing to possible couplings to the
condensate giving rise to negative contributions in the Yukawa flow. On the other hand,
the flow in the SSB regime generically has the tendency to induce decoupling of massive
modes and thus an unwanted freeze-out of the flow. This problem is automatically avoided
if the expectation value of the field exhibits a conformal behavior. Therefore, we analyze
the SSB flow in the following with an emphasis on the running of the expectation value.
From the effective potential (3.5), together with Eq. (3.8), the flow of the dimensionless
expectation value κ occurring in the expansion (3.7) can be derived:













λ2(1 + 2h2κ)2︸ ︷︷ ︸
fermionic fluctuations
, (3.13)
The scalar couplings, cf. (3.7), flow according to the equations

















∂tλ3 = (2 + 3ηφ)λ3 +
















The full flow of the Yukawa coupling as first derived in [104] is:
∂th












































(1 + 2κh2)2(1 + 2κλ2)
.
























(1 + 2κh2)(1 + 2κλ2)2
. (3.18)
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Fixed-point search to leading order at Nf = 1
Let us start with the leading-order derivative expansion, ηφ, ηψ = 0, confining ourselves
initially to the φ4 truncation with three parameters κ, h2, λ2 and all λ≥3 = 0 at Nf = 1.
We first consider the two fixed-point equations ∂th
2 = 0 and ∂tλ2 = 0, and let the
value for κ be undetermined for the moment. The resulting equations can be solved
analytically, revealing a set of solutions. Only one of them fulfills the requirement λ2 > 0







Plugging these pseudo-fixed-point values into the fixed-point equation for κ, we find
∂tκ = −2κ− 0.0071873 6= 0 for κ > 0 , (3.20)
so there is no nontrivial fixed point at leading-order derivative expansion in the φ4 trun-
cation for Nf = 1. This conclusion holds also for all higher flavor numbers Nf .
In order to test the reliability of the φ4 truncation, we next include the λ3 coupling and
its flow equation (3.15) still keeping the anomalous dimensions at zero. Unfortunately,
we have not been able to find an analytical solution of the resulting fixed point equations.
Hence, we start numerically with a given (arbitrary) value of κ, we solve the fixed-point
equations for λ2, λ3 and h
2. For the numerics, we choose values of κ ranging from 10 down
to 0.001.
As is visible in Tab. 3.1, the values of the h∗2 and λ∗2 are only slightly changed compared
to the φ4 truncation for κ between 10 and 0.01. We still observe a scaling h∗2, λ∗2 ∝ 1/κ
in this regime, so that the effect of λ3 can be considered as a small perturbation. The
value for λ∗3 approximately scales as 1/κ
3. For even smaller values of κ (κ < 0.01), λ∗3
grows large and exerts a quantitative influence on the flow. Nevertheless, we still find no
indications for a non-Gaußian fixed point in the κ flow. Even for the smallest κ values
which are accessible by our numerics, we observe a monotonous increase of ∂tκ/κ, whereas
an approach to a fixed point would require a decrease of this combination towards zero.
κ h∗2 λ∗2 λ
∗
3 ∂tκ ∂tκφ4
10 0.00616 0.00880 4.67 · 10−8 -20.0 -20.0
1 0.0615 0.0880 4.67 · 10−5 -2.01 -2.01
0.1 0.609 0.882 4.61 · 10−2 -0.210 -0.207
0.01 5.57 8.96 38.5 -0.026 -0.027
0.001 47.1 91.0 10800 -0.0056 -0.0092
0.0001 451 912 1.26 · 106 -0.0033 -0.0074
0.00001 4490 9120 1.29 · 108 -0.0031 -0.0072
Table 3.1: Pseudo-fixed-point values for the fixed-point equations for h2, λ2 and λ3.
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10 0.0185 0.0210 1.11 · 10−4 4.24 · 10−5 -20.008
1 0.185 0.210 1.11 · 10−3 4.24 · 10−4 -2.008
0.1 1.85 2.10 0.0111 4.23 · 10−3 -0.2083
0.01 18.5 21.1 0.111 0.0413 -0.0282
0.001 181.7 221.0 1.07 0.32 -0.0098
0.0001 1516 1602 1.73 2.98 -0.0027
0.00001 12030 9778 4.42 3.90 -0.0016
0.000001 68411 93113 4.92 4.16 -0.0012
Table 3.2: Pseudo-fixed-point values for the fixed-point equations for h2, λ2 including
anomalous dimensions.
Fixed-point search including anomalous dimensions at Nf = 1
The inclusion of the anomalous dimensions is, in principle, straightforward. The cor-
responding equations for ηψ and ηφ (3.17) and (3.18) can be solved analytically; their
solution can then be plugged into the flows of κ, h2, λ2, . . . . In practice, the inclusion of
the anomalous dimensions increases the nonlinearities of the flow equations substantially.
For our simplified strategy of first fixing a value of κ and then solving for possible pseudo-
fixed point values of h2 and λ2, an exhaustive search of all possible pseudo-fixed point
values appears numerically not feasible. Hence, we have used an algorithm that searches
for one pseudo-fixed point of h2 and λ2 for a given value of κ and given seed values h
2
seed
and λ2,seed. We have chosen the seed values on a grid of reasonable values compatible
with the constraints (3.10). This procedure leads to the results shown in Tab. 3.2. In
the regime of small anomalous dimensions (ηφ,ψ < 1), we again observe a 1/κ-behavior
for the pseudo-fixed-point values of λ and h2,
h∗2 ≈ 0.185059
κ
, λ∗ ≈ 0.21018
κ
. (3.21)
An inclusion of the anomalous dimensions does not lead to a vanishing of ∂tκ within the
range of κ values studied here. Also, the ratio ∂tκ/κ does not exhibit a tendency towards
zero as it should if a fixed point existed in the vicinity of the present parameter range.
3.2 Asymptotic safety at small flavor number
Since no acceptable asymptotically safe Yukawa system has been found in the studies
above, the question arises as to whether there is a fundamental obstacle against a con-
formal behavior of the Higgs vacuum expectation value, or whether the class of simple
systems has been too restrictive so far. This motivates a small-Nf study by remarking
that the conformal behavior of the scalar expectation value is inhibited by the dominance
of the fermionic fluctuations in the κ flow, as is visible, e.g., in Eqs. (3.13) and (3.20).
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Since fermionic loops are proportional to the number of flavors, this fermionic dominance
can be expected to vanish for small Nf .
Following our strategy introduced above, we first pick a value for κ and then solve
the fixed-point equations of h2 and λ2, yielding pseudo fixed-point values h
∗2 and λ∗2.
Plugging these values into the κ flow, results in
∂tκ = −2κ+ c(Nf) , (3.22)
where c(Nf) denotes an Nf-dependent constant. As observed above, c(Nf) is negative
for Nf = 1 or larger, cf. Eq. (3.20), which corresponds to the observed absence of an
acceptable fixed point. Decreasing Nf , c(Nf) becomes positive for Nf . 0.25 and so gives
rise to a true non-Gaußian fixed point κ∗ = c(Nf)/2 within this φ4 truncation. This
demonstrates that a conformal behavior of the Higgs expectation value is indeed possible
as a matter of principle and can support asymptotic safety of Yukawa systems.
Fixed-point analysis at leading order
In order to illustrate the fixed-point properties, we choose Nf = 1/10 for the sake of def-
initeness. The non-universal fixed-point values read {κ∗, λ∗2, h∗2} = {0.00165, 27.3, 81.1}.
The RG eigenvalues ΘI are deduced from the stability matrix Bi
j of the linearized flow
around this fixed point. For Nf = 1/10, we find
Θ1 = 2.372, Θ2 = 0.592, Θ3 = −2.859. (3.23)
We observe two relevant directions, corresponding to Θ1,2 > 0, i.e., the universality class
of the theory defined by this fixed point has two physical parameters.
Fixed-point analysis at next-to-leading order
A full treatment of the anomalous dimensions confirms this qualitative behavior. The
critical fermion number increases slightly: below Nf . 0.33, a non-Gaußian fixed point
exists. ForNf = 1/10, we find {κ∗, λ∗2, h∗2} = {0.00163, 42.8, 191.2} and for the anomalous
dimensions η∗φ = 0.086 and η
∗




variations. Reliable quantitative predictions hence may require the inclusion of further
boson-fermion interaction terms in the truncation. On the contrary, the prediction for
the κ fixed point is little affected and the anomalous dimensions are small. We conclude
that our result of a conformal behavior of the Higgs expectation value is robust in the
derivative expansion.
The number of relevant directions at the fixed point is also robust: two RG eigenvalues
have a positive real part. In comparison with the leading-order result, the ΘI values do not
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only differ quantitatively, but also qualitatively. The relevant directions are now described
by a pair of complex ΘI , implying that the UV flow spirals out of the fixed-point region
towards the IR,
Θ1,2 = 1.619∓ 0.280i, Θ3 = −3.680. (3.24)
3.3 Predictivity of asymptotically safe systems
The present simple Yukawa system for a small number of fermion flavors Nf . 0.3 supports
a non-Gaußian fixed point, rendering the system asymptotically safe and the number of
positive ΘI corresponds to the number of physical parameters. The value of the real part
of the largest ΘI is a measure for the severeness of the hierarchy problem, see Sec. 2.5.1.
UV fixed-point regime and mass hierarchy
Repeating the above analysis of the eigenvalues of the stability matrix Bi
j for various
values of Nf yields the values of Θmax as displayed in Fig. 3.1. In the limit Nf → 0,
the standard-model value Θmax = 2 is approached (even though the system is not in the
standard-model universality class, but at the non-Gaußian fixed point). For increasing
Nf , Θmax decreases and approaches a minimum. At next-to-leading order, the minimum
is indeed close to Nf = 1/10 where Θmax ' 1.6. Here, the hierarchy problem is not really
overcome but at least somewhat softened compared to the standard model. Beyond this
minimum, Θmax increases again and eventually diverges at the critical flavor number.
Higgs mass from asymptotic safety
For all values of Nf below the critical value, we find that two of the RG eigenvalues have
positive real parts, implying that the number of physical parameters of these systems is
two. As the SSB phase is characterized by three standard-model parameters, top mass
mtop, Higgs mass mHiggs and vacuum expectation value v, only two of them are needed












Figure 3.1: Θmax vs. Nf as a measure for the hierarchy problem.
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to fix the Yukawa system at the non-Gaußian fixed point. The third parameter, say
the Higgs mass, is a true prediction of the asymptotically safe model. This should be
compared to the Gaußian fixed point with perturbative critical exponents of the order
Θκ ' 2, Θλ2 ' 0, and Θh ' 0, implying that 3 physical parameters need to be fixed for
Gaußian models.









An asymptotically safe RG trajectory has to emanate from the non-Gaußian fixed point
in the deep UV. The possible trajectories are further constrained by the necessity that
the system ends up in the SSB phase in order to describe chiral symmetry breaking and
dynamical mass generation.
In practice, we start the flow at a UV scale ΛUV in the vicinity of the non-Gaußian
fixed point, say at (κ∗ + δκ, λ∗2, h
2∗ + δh2). Then, the perturbations δκ and δh2 are then
tuned such that the top mass and the vacuum expectation value match their desired
physical IR values. The resulting Higgs mass is then a parameter-free prediction of the
system.
This can be explicitly checked by varying the starting point, i.e., adding irrelevant
directions, under the constraint of keeping v and mtop fixed. As another check of asymp-
totic safety, the UV scale ΛUV can be changed. The constraint of keeping v and mtop fixed
corresponds to staying on the line of constant physics. Asymptotic safety then guaran-
tees that the Higgs mass remains the same and that the starting point approaches the
non-Gaußian fixed point for increasing ΛUV.
Of course, the present theory with a small number of fermion flavors cannot be ex-
pected to resemble the standard model also quantitatively. For instance, for the Nf =
1
10
model in the leading-order truncation, we have not found an RG trajectory connecting
the non-Gaußian fixed point with an IR limit where the Yukawa coupling approaches its
standard-model value hk→0 = mtop/v ' 0.711. As a simple example, we have studied a
universe with a top mass given by mtop = hv|k→0 with hk→0 = 20.0. Our prediction for
the Higgs mass then is mHiggs =
√
6.845v. We have explicitly checked that mHiggs indeed
does not depend on the starting point in the fixed-point regime nor on the UV cutoff scale
ΛUV. In Fig. 3.2, a generic flow of the three running couplings of the φ
4 truncation is
depicted.
An interesting property of this asymptotically safe system is that the set of possible
IR values for the renormalized couplings is generically bounded, i.e., not all conceivable
values of the physical parameters lie on RG trajectories that emanate from the non-
Gaußian fixed point. In the present case, we observe that it is not possible to tune the
flow for hk→0 below a certain value hmin, implying that a lower bound on mtop/v exists.
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The mechanism behind this property can easily be understood. The RG flow passes
essentially three regimes: the fixed-point regime in the UV, the decoupling regime in the
IR, and a crossover regime in-between. In the UV fixed-point regime, the system behaves
conformally and all couplings stay close to their fixed point values. The decoupling regime
in the IR is characterized by the freeze-out of the dimensionful Higgs vacuum expectation
value v. This generates Higgs and top masses which decouple from the flow at scales
k  v. No massless modes remain and all running couplings freeze out and approach
their IR values. The crossover regime in-between connects the UV fixed-point with the
IR decoupling regime. Here, all couplings run fast and the full nonperturbative dynamics
becomes important. Generically all β functions are sizeable here, so that the system
spends little “RG time” in the crossover regime. This implies that the Yukawa coupling
has little RG time to run from its large UV fixed-point value to its physical IR value
before it freezes out due to decoupling.
Technically, we observe that there is a very robust IR fixed point in the SSB flow
equations that attracts the flow towards the IR in the crossover regime. In the simple




2,IR. This fixed point is
not directly physically relevant as κ∗IR < 0. The SSB constraint κ > 0 implies, however,
that the physical Yukawa coupling is bounded by this IR fixed-point value, hk→0 > h∗IR.
We conclude that an asymptotically safe Yukawa system offers a natural explanation for
a large top mass.
Whereas Yukawa systems with Nf . 0.3 are unlikely to be relevant for the true Higgs
sector of the standard model, our results clearly indicate that an asymptotic safety sce-
nario based on a conformal threshold behavior requires a balancing between bosons and
fermions. We expect that a variety of realistic models exists where the fermion contribu-
tions are balanced by a sufficiently large bosonic sector. Indeed, the work on chiral Yukawa
models with a left-right asymmetry presented in the next chapter provides evidence for
this boson-fermion balancing for a wide range of integer fermion numbers.



















Figure 3.2: Typical flows from the non-Gaußian UV fixed point to the IR.
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Further discussion
We would like to emphasize that our scenario goes beyond typical models involving four-
fermi interactions to explain the Higgs scalar as a fermionic bound state [105–107]. As
pointed out in [108, 109], these models are equivalent to standard Higgs-Yukawa models
at a particular point in parameter space (with Zφ → 0 and U → m¯2φ2/2 for k → Λ) and
with the regularization belonging to the definition of the model. In agreement with [108],
our results show that the Gross-Neveu variant of these models is not more predictive
than the corresponding Yukawa system and still suffers from the triviality problem. By
contrast, our asymptotically safe system for small Nf does not correspond to a local four-
fermion theory at the fixed point. As the scalar kinetic term does not vanish in the UV
and the effective potential is not Gaußian, integrating out the scalar field first yields a
non-local and non-polynomial fermionic theory. Asymptotic safety is then encoded in the
momentum dependence of the resulting fermionic vertices.
In the light of our results, a search for asymptotically safe Yukawa systems also by other
methods would be highly welcome. For the present simple system, small-Nf expansion
techniques appear to be most promising. These indeed exist within the worldline approach
to quantum field theory, where subclasses of infinitely many Feynman diagrams can be
resummed into closed worldline expressions order by order in a small-Nf expansion [110].
These methods have been shown to work in pure scalar models so far [111] and need
to be generalized to fermions. Of course, also many non-perturbative lattice studies
of Yukawa systems exist, see e.g. [112, 113], recently also employing chirally-invariant
lattice fermions [114, 115]. The fact that no non-Gaußian fixed points have been found
in standard settings so far is well in accord with our findings. Since lattice realizations
often have a large fermion number, the resulting fermion dominance generically inhibits a
conformal threshold behavior required for our scenario. Moreover, since our non-Gaußian
fixed point has two relevant directions, a tuning of two bare parameters is required in order
to take the corresponding continuum limit on a line of constant physics. Even though this
is certainly possible on the lattice, this point can easily be missed during a general lattice
study. Nevertheless, our results predict the existence of such a non-Gaußian fixed point
for small-Nf systems, as they may be realized on the lattice, e.g., with rooted staggered
fermions. An investigation of our model including gravitational effects has been performed
in [116].
Chapter 4
Renormalization flow of chiral
Yukawa systems
In this chapter we investigate a chiral U(NL)L⊗U(1)R Yukawa model including one right-
handed fermion and NL left-handed fermions. The fermions are coupled to NL complex
bosons via a simple Yukawa interaction. This is motivated from the model in the previous
chapter with the purpose to have a handle on the amplitude of the bosonic fluctuations by
tuning an external parameter, namely the number of left-handed fermions NL. Our chiral
Yukawa system mimics the coupling between the standard-model Higgs scalar and the left-
and right-handed components of the top quark, also involving Yukawa couplings to the
left-handed bottom (for NL = 2) and further bottom-like quarks (for NL > 2) in the same
family. If the scalar field develops a vev upon symmetry breaking, the top quark acquires
a Dirac mass, whereas the bottom-type quarks remain massless, similar to neutrinos in
the standard model. For NL = 2, we ignore the Yukawa coupling ∼ ψ¯Rabφa†ψbL in our
model, which provides for a mass term for the bottom quark in the standard model, since
it does not generalize to other NL.
4.1 Truncation and flow equations












The fermion fields ψaL and ψR have standard kinetic terms but can acquire different wave
function renormalizations ZL,k and ZR,k. The index a runs from 1 to NL. The projec-




(1 ± γ5). The bosonic sector involves a standard kinetic term with
wave function renormalization Zφ,k and an effective potential Uk(ρ), defining the invariant
40
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and φa† = 1√
2
(φa1 − iφa2), where φa1, φa2 ∈ R. The truncated effective action including the
Yukawa interaction is invariant under U(NL)L transformations of the left-handed fermion
and the boson as well as U(1)R transformations of the right-handed fermion and the boson.
The flow of the wave function renormalizations Zφ,k, ZL,k and ZR,k is put in terms
of scale-dependent anomalous dimensions ηφ = −∂tlnZφ,k and ηL,R = −∂tlnZL,R,k, where
ZL,k and ZR,k acquire different loop contributions and we define the renormalized fields
as φ˜ = Z
1/2
φ,k φ, ψ˜L,R = Z
1/2
L,RψL,R. The dimensionless renormalized quantities required for
the fixed-point search read
ρ˜ = Zφ,kk







d−4h¯2k, uk(ρ˜) = k
−dUk(ρ)|ρ=kd−2ρ˜/Zφ,k . (4.1)
Flow equations
Detailed information on the derivation of the flow equations for this truncation in arbitrary
spacetime dimensions d is given in App. C. The flow of the effective potential given in
terms of threshold functions which are given in App. B reads
∂tuk = −duk + ρ˜u′k(d− 2 + ηφ) + 2vd
{
(2NL − 1)ld0(u′k) + ld0(u′k + 2ρ˜u′′k) (4.2)
−dγ
(
(NL − 1)l(F)d0,L (0) + l(F)d0,L (ρ˜h2k) + l(F)d0,R (ρ˜h2k)
)}
,
where the primes denote derivatives w.r.t. ρ˜, and vd = 1/(2
d+1pid/2Γ(d/2)). For the SYM
and the SSB regime the effective potential is expanded as defined in Eqs. (3.6) and (3.7).
In the SSB regime, the flow of the Yukawa coupling and the scalar anomalous di-
mension for the Goldstone mode can, in principle, be different from that of the radial
mode. As the Goldstone modes as such are not present in the electroweak sector of the
standard model, we compute the Yukawa coupling and the scalar anomalous dimension
by projecting the flow onto the radial scalar operators in the SSB regime. Note that this
strategy is different from that used for critical phenomena in other Yukawa or bosonic
systems, where the Goldstone modes can dominate criticality, see Chap. 5.
We derive the flow of the Yukawa coupling hk in App. C, and we end up with
∂th
2











k)− (6ρ˜u′′k + 4ρ˜2u′′′k )l(FB)d1,2 (ρ˜h2k, u′k + 2ρ˜u′′k)







k)− 2ρ˜h2kl(FB)d2,1 (ρ˜h2k, u′k + 2ρ˜u′′k)
}
.
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k) + (2NL − 2)m(FB)d12 (0, u′k)]. (4.6)
The arguments of the threshold functions have to be evaluated at the minimum of the
effective potential. In this chapter, we will concentrate on the case of d = 4 dimensions.
4.2 Fixed point analysis in four dimensions
For notational convenience we suppress the index k at the parameters of the truncation.
The Symmetric Regime (SYM)
A simple analysis like in the previous chapter reveals that within the validity regime of our
truncation, we find only the Gaußian fixed point for the Yukawa coupling h∗ = 0 in SYM.
Since the flow of the Yukawa coupling is proportional to itself, an initial zero value for h2
will leave the system non-interacting at h2 = 0 for all scales. The remaining interacting
system is purely bosonic and does not show any nontrivial fixed point in agreement with
triviality of φ4 theory. We conclude that the chiral Yukawa model in the SYM regime is
not asymptotically safe within the subsector of theory space spanned by our truncation.
4.2.1 Regime of Spontaneous Symmetry Breaking (SSB)
In the SSB regime the flow equations have a richer structure than in the symmetric regime
and here the system can support the fixed-point scenario with a conformal vev.
Fixed-point search to leading order
For the fixed-point search, we use a polynomial expansion of the effective potential about
its minimum, cf. Eq. (3.7). As a check of the quality of this expansion, the convergence
properties of physical quantities have to be determined with respect to increasing orders
in this expansion. In general, we expect that this expansion gives a good approximation of
the full effective potential only in the vicinity of the potential minimum. Nevertheless, this
can still lead to sufficient information for a quantitative estimate of a variety of physical
quantities, as they are mostly related to properties of the potential near the minimum.
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Figure 4.1: Fixed-point values vs. NL for the two physically admissible fixed points.























Figure 4.2: Leading order truncation: Critical exponents as a function of NL.
For a first glance, we use the simplest nontrivial approximation of the effective po-
tential, u = λ2
2
(ρ˜ − κ)2, which facilitates a purely analytical treatment of the fixed-point
equations. We also confine ourselves to the leading-order approximation in the derivative
expansion, where the anomalous dimensions vanish, ηL,R,φ = 0. The resulting set of fixed-
point equations {∂tκ = 0, ∂tλ2 = 0, ∂th2 = 0} can be solved analytically. We give the flow
equation for κ explicitely to demonstrate the dependence of the bosonic fluctuations on
the external parameter NL,
∂tκ = −2κ+ 1
32pi2
[








λ2(1 + κh2)2︸ ︷︷ ︸
fermionic fluctuations
. (4.7)
For a given NL, we obtain a large number of fixed points but only up to two fixed points
fulfill the constraints given in Eq. (3.10). For NL < 4, we find only one admissible
non-Gaußian fixed point (NGFP). For 4 ≤ NL ≤ 29, two admissible NGFPs occur. For
30 ≤ NL ≤ 57, there is again only one NGFP, whereas larger NL do not give rise to any
physically admissible fixed points. The fixed-point values κ∗, h∗2, and λ∗2 as a function of
NL can be read off from Fig. 4.1. The critical exponents as a function of NL are shown
in Fig. 4.2 for this simple truncation. It is remarkable that one NGFP has two relevant
directions and the other even only one relevant direction with a positive critical exponent.
This implies that the corresponding model is fixed by only two or one physical parameter,
respectively. Moreover, the largest critical exponent of both NGFPs is smaller than the
perturbative maximal value, Θmax < 2. As a consequence, these models defined at the
NGFPs have an improved hierarchy behavior.
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Benchmark fixed point for NL = 10
For further investigations and by way of example, we concentrate on one particular fixed
point. We use a fixed point with only one relevant direction, as it is phenomenologically
most appealing due to the reduction of physical parameters. We choose NL = 10 in
the following, since the corresponding fixed point does not give rise to extreme coupling
values, implying numerical stability. In addition, this particular value of NL may also be
of relevance for certain unification scenarios.
Furthermore, we extend the lowest-order polynomial expansion studied above to higher
operators in ρ˜, cf. Eq. (3.7). From a technical viewpoint, the fixed-point analysis becomes
much more involved at higher orders. In particular, we have not found any analytical
solutions to the higher-order fixed-point equations. Due to the intrinsic nonlinearity of
the fixed-point equations, also a numerical search is nontrivial: a complete identification
of all possible fixed points appears out of reach.
Therefore, we start with the assumption that the simple truncation involving only
h2, λ2 and κ gives already a satisfactory fixed-point estimate. As a next step, we can search
for a fixed-point of the subsequent higher-order system in the vicinity of the previous lower-
order fixed point. This procedure turns out to be self-consistent and can be iterated to
higher orders. The results for the associated fixed-point values are summarized in Tab. 4.1.
The resulting fixed-point values show a satisfactory convergence behavior, indicating that
the polynomial expansion is quantitatively reliable already at low orders.
Whereas the fixed-point potential is scheme dependent, also the stability of the univer-
sal RG eigenvalues can be checked under the inclusion of higher orders in the polynomial
expansion. The results are also summarized in Tab. 4.1. The leading exponents vary only
on the 10% level upon the inclusion of higher-order terms. Most importantly, the number
of relevant directions is not changed at higher orders, and the maximal RG eigenvalue
tends to smaller values at higher orders which leads to an improved hierarchy behav-
ior. We conclude that the fixed point exists at leading-order in the derivative expansion.






2 Θ1 Θ2 Θ3 Θ4 Θ5 Θ6 Θ7
Np = 2 55.8 0.0174 12.11 1.294 -0.143 -3.94 - - - -
Np = 4 56.0 0.0158 12.09 1.167 -0.170 -2.50 -5.53 -13.61 - -
Np = 6 57.4 0.0152 12.13 1.056 -0.175 -2.35 -4.97 -8.49 -14.02 -25.54
Table 4.1: Fixed-points and RG eigenvalues for NL = 10 at different orders in the the
effective potential. Np is the largest exponent of ρ in the polynomial expansion (3.7)).
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4.3 Top- and Higgs-mass predictions from asymp-
totic safety
We illustrate the predictive power of this asymptotically safe model, using the flow of our
system in the local-potential approximation as a model in its own right. We relate the
physical IR parameters (the Higgs vev v, the Higgs mass mHiggs and the top mass mtop)
to the renormalized couplings κ, h2, λ2 by Eq. (3.25), as in the previous chapter. The
bottom-type quarks remain massless in our model.
The non-Gaußian fixed point has only one relevant direction, so there is only one
physical parameter which we relate to the vev v = 246 GeV. In fact, fixing v to its
physical value merely corresponds to fixing the absolute scale. Dimensionless couplings or
mass ratios are even independent of this fixing scale and thus are completely parameter-
free predictions of the theory. In practice, we have to start the flow at some finite value
of the auxiliary UV cutoff Λ (in arbitrary units), solve the flow, and then associate the
resulting value of v with its correct value in physical units. This also fixes the value of Λ
in units of, say, GeV. In the model with NL = 10, we then end up with a top and a Higgs
mass at the IR scale
mtop = 5.78v, mHiggs = 0.97v, (4.8)
where the proportionality factors are approached in the limit v/Λ 1. In this limit, this
result is robust as we vary the UV cutoff, which demonstrates the cutoff independence of
our prediction and the top and the Higgs mass are pure predictions of the theory itself.
Whereas the Higgs mass is of the order of the vev as expected, mHiggs ' 239GeV for
v = 246GeV, the top mass is significantly larger in our model: mtop ' 1422GeV. This is
an indirect consequence of the comparatively large value of the fixed point of the Yukawa
coupling. In order to elucidate this relation, let us recall from the previous chapter that
the flow can be subdivided into three different regimes: the UV fixed-point regime, a
crossover region and a freeze-out region in the IR. The dynamics in the crossover region
is an intrinsic parameter-free property of the model that occurs only in a rather narrow
window of momentum scales. Hence, the couplings have only a finite “RG time” – similar
to the number of e-foldings in inflationary cosmology [117] – to run from their UV initial

























Figure 4.3: Flow of the leading couplings within the lowest-order truncation.
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conditions to their IR-frozen values. As the initial fixed-point Yukawa coupling in our
model is large, a sizeable IR value remains and gives rise to a large top mass.
Realistic scenarios with a physical value of the top mass require either a smaller fixed-
point Yukawa coupling, or a sufficiently large number of crossover e-foldings that facilitates
a long running of the Yukawa coupling to its physical value. As the number of e-foldings
of the crossover window is mainly dictated by the RG speed at which the physical vev
builds up, large numbers of e-foldings can occur if the largest critical exponent dominating
the κ flow is small. We conclude that a reduced hierarchy problem and a realistic value
of the top mass can go hand in hand with each other.
Finally, we have to address an artifact of our flow in the IR. As can be read off from
Fig. 4.3, the perturbatively marginal couplings h2 and λ2 still exhibit a slow log-like
running in the IR. This running can be traced back to the Goldstone modes which are
a particularity of our model, but are not present in the standard model. However, even
if we considered the Goldstone modes as physical, the log-like running is still an artifact
of our truncation in the IR, arising from the Cartesian decomposition of the scalar field,
φ = 1√
2
(φ1 + iφ2). Here the vev is associated with the φ1 direction and φ2 is populated
with Goldstone modes. This decomposition leads to log-like divergencies in the diagrams
with internal φ2 loops coupling to external φ1 legs. However, as becomes clear from a
proper nonlinear decomposition of the scalar field φ =
√
ρeiθ, the true Goldstone modes
encoded in the field θ do not couple to the radial mode via the potential, as U(φ†φ) = U(ρ)
is independent of θ. We conclude that the log-like running would be absent in a proper
nonlinear field basis in the broken regime [118].
In practice, we read off our estimates for the IR values of h2 and λ2 at a dynamically
defined scale kIR. For the identification of this scale, we note that higher-order couplings
λn>2 are not affected by the Cartesian basis and safely flow to zero due to the leading-order
Gaußian flow ∂tλn = 2(n− 2)λn+ ... as expected, see Fig. 4.4. We define the scale kIR by
that scale at which the coupling λ3 approaches its zero IR fixed point from above within
an accuracy of 0.1%. The IR predictions listed in Eq. (4.8) have been read off at this
scale. Of course, in the presence of this flow artifact, these predictions actually depend on
the choice of kIR. Nevertheless, the generic mechanisms in the UV and crossover regimes
outlined above are not affected by the IR artifact.















Figure 4.4: Flow of the higher-order couplings λ3 and λ4 of the effective potential.
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4.4 Derivative expansion at next-to-leading order
We have analyzed the chiral Yukawa model in a derivative expansion of the effective
action. As a simple criterion for this expansion to be valid, the anomalous dimensions
measuring the influence of higher-derivative terms should be small, cf. Eq. (3.9). As a first
check of this criterion, we use our fixed-point results from the lowest-order polynomial
expansion in the local-potential approximation and insert them into the right-hand sides
of the anomalous dimensions Eqs. (4.19)-(4.21). For this estimate, we ignore the RG
improvement in the form of the back-reactions of nonzero η’s on the flow of the couplings.
The results as a function of NL are shown in Fig. D.12. Whereas the criterion for the
magnitude of the anomalous dimension, Eq. (3.9), is satisfied for ηφ and ηL for NL > 5,
the anomalous dimension ηR of the right-handed fermion violates the criterion for all NL.
One reason for the magnitude of ηR lies in the fact that the massless Goldstone modes
and massless bottom-type fermions contribute strongly. This is because they (i) are not
damped by massive threshold effects induced by couplings to the condensate, and (ii)
contribute with a large multiplicity ∼ NL. We conclude that the leading-order derivative
expansion does not allow for self-consistent estimates of the fixed-point structure of the
chiral Yukawa model as such. Nevertheless, since the Goldstone as well as the massless
fermion modes are not present in the standard model but a particularity of our reduced
toy model, we expect that the local-potential approximation of the present model provides
for a better picture of a possible fixed-point structure of the standard-model Higgs sector
than the literal version of our model including its massless modes.
It is still an interesting question within the chiral Yukawa model, whether the nonlin-
earities induced by the anomalous dimension gives rise to admissible fixed points if the full
RG improvement is taken into account. For this, we have first followed the evolution of our
leading-order fixed points upon gradually switching on the anomalous dimensions. Our
numerical results are compatible with a destabilization of this fixed point. A numerical
search of further admissible fixed points upon the full inclusion of the anomalous dimen-
sion remained inconclusive and a systematic search in this high-dimensional parameter
space is computationally expensive and beyond the scope of this work.





















Figure 4.5: Leading-order estimate of the anomalous dimensions.
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Summary
As a main result of the present study, a number of conclusions about the requirements
for a more realistic model can be drawn.
1. The appearance of the conformal-vev mechanism depends crucially on the algebraic
structure of the theory. Boson dominance is required and can be induced by a chiral
left-right asymmetry.
2. If the conformal vev breaks a continuous global symmetry, Goldstone bosons are
generated. As they are not controlled by threshold effects, they may have the
tendency to destabilize the UV fixed point. A model with spontaneous breaking of
gauged symmetries will not be affected by this problem.
3. Even though the threshold effects of the conformal vev are nonperturbative, our
mechanism does technically not require strong coupling. Comparatively small UV
fixed-point couplings would also be allowed if not phenomenologically preferred.
4. The present model predicts a very large top mass. For a realistic top mass, either
the Yukawa UV fixed-point value should not be too large or the crossover from the
UV regime to the IR freeze-out should extend over many “e-foldings”, i.e., a larger
range of RG time.
These requirements together with the remarkable predictive power of our scenario are a
strong motivation to extend the present set of ideas to gauged chiral Yukawa models,
thereby making another step towards a realistic standard-model Higgs sector.
4.5 Inclusion of gauge bosons
The extension of our chiral Yukawa model without gauge bosons to the NLO derivative
expansion was plagued by the destabilization of the UV fixed point. This is at least partly
caused by large contributions from Goldstone bosons and a large value of the fixed-point
Yukawa coupling h2∗.
In this section, we introduce gauge bosons to investigate more realistically the elec-
troweak sector of the Standard Model, corresponding to SU(N) ⊗ U(1) with N = 2. In
this case 2N − 1 = 3 Goldstone modes appear but are removed from the spectrum of
the theory by the N2 − 1 = 3 gauge bosons which acquire a mass. The gauge boson
corresponding to an abelian subgroup U(1) remains massless. In the same spirit we inves-
tigate our left/right asymmetric chiral Yukawa model including gauge bosons. The gauge
bosons can remove Goldstone contributions but also yield further terms in the Yukawa
flow resulting in a possible decrease of its fixed-point value. This has the potential to
render the derivative expansion well defined also at next-to-leading order.
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For arbitrary NL we promote the global SU(NL)L symmetry to a local one with U(x) =
e−igω
i(x)T i and (i = 1, . . . , N2L − 1). Here, g is the gauge coupling constant, T i are the
generators of the gauge group and ωi(x) is a position dependent parameter. The gauge
fields are given by W iµ = ∂µω
i and the partial derivatives are replaced by the covariant
derivatives,
∂µ → Dµ = ∂µ − igW iµT i. (4.9)
The fields transform under the SU(NL)L according to






To extend the truncation we have to replace the partial derivatives by covariant derivatives
in the kinetic term of the bosons and the kinetic term of the left-handed fermions. The
covariant derivatives provide a Yukawa interaction between the left-handed fermions and
the gauge bosons, gZL,kψ¯
a
L




iµν , with F iµν = ∂µW
i
ν − ∂νW iµ + gf ijkW jµW kν , and [T i, T j] = if ijkT k. (4.11)
To implement gauge fixing, we employ the Faddeev-Popov method. We introduce the
gauge fixing condition





a = 0 , (4.12)
with a gauge-fixing parameter α and excluding the term with ∆φN1 . The bosonic field is
separated into the vacuum expectation value (vev) and fluctuations around the vev v,


















µ − 2iαvg∆φa†T iaN ). (4.14)





= −∂2µδij − g∂µW kµf ikj + 2αvg2T iNaT jabφb. (4.15)
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µφ)†(Dµφ) + i(ZL,kψ¯aL /Dψ
a
L + ZR,kψ¯R /∂ψR) (4.16)
+ h¯kψ¯Rφ




iµν − c¯iMijcj]+ Γgf ,
The vev v is chosen to be in the NL direction.
In this formalism the unitary gauge corresponds to the case α→∞ and Landau gauge
to α → 0. The gauge-fixing terms result in a mass term for the Goldstone bosons that
is proportional to m2Goldstone ∼ αg2v2. In unitary gauge the Goldstone modes therefore
become infinitely heavy and decouple. This is the usual Higgs mechanism, where the gauge
bosons remove the Goldstone bosons from the spectrum of the theory. We will work in
Landau gauge as this is a fixed point of the RG flow [119, 120] and it simplifies the
computations. In this case, the Goldstone modes remain massless. However, for Landau
gauge we expect a balancing of effects of the Goldstone and the gauge contributions in
the flow equations, mimicking the effect of a removal of the Goldstone bosons in unitary
gauge.
4.5.2 Flow equations with gauge fields
We derive the flow equations for the effective potential, the Yukawa coupling and the
anomalous dimensions in App. D. Further, we define the mass terms m2A of the gauge
bosons which result from the diagonalization of the matrix Zφg
2φa†{T i, T j}abφb. Intro-




and g˜2 = g
2
ZFk4−d
, the RG flow equations for the effective potential and the
Yukawa coupling read
∂tuk = −duk + ρ˜u′k(d− 2 + ηφ) + 2vd
{
(2NL − 1)ld0(u′k) + ld0(u′k + 2ρ˜u′′k) (4.17)
−dγ
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aN (d− 1)8vdm(FBE)1,1,1 (u′k, ρ˜h2kδaN , m˜2A).
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k) + 2(NL − 1)m(FB)d12 (0, u′k)].
4.5.3 Fixed points in the gauged chiral Yukawa model
The set of fixed-point equations is highly non-trivial and it is rather involved to identify
fixed points in this system. By numerical iteration, starting from suitable seed values
for the couplings, we identified a number of interesting fixed points for NL ∈ {3, 4, 5}
as a function of the squared gauge coupling g2 which we use as an external parameter
here. Analytical understanding, of course, is eligible and investigations on the underlying
fixed-point mechanisms still go on. Therefore, we refer to our work in preparation [121].
As an example we discuss the system for NL = 3. Further results for NL ∈ {4, 5} are given
in App. D. At NL = 3 we observe two fixed points at small values of g
2 = 0, see Fig.
4.6. The truncation used here is a NLO derivative expansion with an effective potential
up to 6th order in ρ˜. One of the fixed points (red circles in Fig. 4.6) is clearly emerging
from the limiting case of the Gaußian fixed point (GFP) at g2 = 0. The corresponding
non-Gaußian fixed point values at g2 6= 0 can be understood as a trivial generalization of
the GFP due to the influence of the gauge bosons and are not true NGFPs. The second
fixed point (blue circles in Fig. 4.6), however, does not emerge from the GFP in the
limit of vanishing gauge coupling, as the fixed-point value κ∗ diverges. Note, that the
corresponding (blue) fixed-point values for h2∗ and λ∗ do not vanish for g
2 6= 0, cf. Fig.
4.10.
We show the fixed-point values of the anomalous dimensions in Fig. 4.7. They are
compatible with the requirement that their magnitude should be. 1 for the generalization
of the GFP (red circles) as well as for the conjectured NGFP (blue circles) and confirm
the reliability of the derivative expansion. The conjecture that the second fixed point is
a real NGFP is further substantiated by the real parts of its RG eigenvalues that run
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Figure 4.6: Fixed points for NL = 3 at NLO with u up to 6th order in ρ.























Figure 4.7: Fixed-point anomalous dimensions for NL = 3.





















Figure 4.8: Real parts of the RG eigenvalues for NL = 3.





















Figure 4.9: Masses for NL = 3 at NLO with u up to 6th order in ρ.
towards 1.5 for θ1,2 for g
2 → 0 and not towards its canonical power counting values 2 and
0, see blue circles in Fig. 4.8.
In Fig. 4.9 we show the products of the fixed-point values κ∗h2∗, κ∗g
2 and κ∗λ∗ as a
function of the squared gauge coupling g2. These products represent the dimensionless
masses of the top quark, gauge boson and the Higgs boson respectively and we see that
they remain constant as g2 → 0.
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Figure 4.10: Convergence of NPFP values for NL = 3 at NLO with u up to 2nd, 4th and
6th order in ρ.





















Figure 4.11: Convergence of the NGFP RG eigenvalues for NL = 3 at NLO with u up to
2nd, 4th and 6th order in ρ.
It is important to check the convergence of the fixed-point solution for the NGFP (blue
circles in previous Figs.) in order to establish the reliability of our results. In Fig. 4.10 we
show the fixed-point values for the lowest order couplings in three different approximation
schemes, namely a NLO derivative expansion with an effective potential up to 2nd (yellow
circles), 4th (orange circles) and 6th (black circles) order in ρ˜. In Fig. 4.11 we plot the
same analysis for the RG eigenvalues of the NGFP.
The same plots for NL ∈ {4, 5} are given in App. D. They show a similar behavior
as discussed here. The observation of NGFPs in this system is very encouraging for a
possible asymptotic safety scenario for the standard model. However, the results presented
here are still of a preliminary nature and a careful analytical analysis should be done to
understand the model and the underlying fixed-point structure. Indeed, the fact that the
Higgs and the gauge boson mass remain constant in the limit g2 → 0 indicates that also
an analytical treatment should be possible, potentially revealing a genuine fixed-point
mechanism. Work in this direction is under way [121].
Chapter 5
Chiral fermion models in three
dimensions
Critical phenomena of statistical physics systems in lower dimensions offer the possiblity
for quantitative comparisons between field-theoretical methods, e.g. by computation of
critical exponents of second-order phase transitions.
In this chapter we aim at a construction of a statistical-physics model which has struc-
tural similarities to the Higgs-Yukawa sector in the standard model: A chiral four-fermion
model with a U(NL)L × U(1)R symmetry. We are motivated by the fact that a profound
understanding of electroweak symmetry breaking or alternative scenarios may require a
quantitative control of fluctuating chiral fermions and bosons beyond perturbation theory.
In fact, relativistic fermionic models such as the Gross-Neveu model in three dimensions
are known to exhibit a second-order phase transition; corresponding studies of the critical
behavior have been performed by various methods, e.g. [66, 122–126]. It is also worth
a remark that those models are sometimes referred to as a paradigm example for an
asymptotically safe theory [91]
In contrast to the two previous chapters we do not aim at a fundamental theory here
but at the description of effective quantum fields at and near criticality. In particular,
we understand the boson fields as being composed out of the fermion fields whereas in
Chaps. 3 and 4 the boson fields were supposed to be fundamental quantum fields.
In the past, d = 3 dimensional fermionic systems with left/right symmetric chiral sym-
metries such as QED3 or the Thirring model have been under investigation in a variety
of scenarios [127–136] with applications to condensed-matter physics, high-Tc cuprate su-
perconductors [137, 138] and, recently, graphene [139, 140]. In some of these models, the
number of fermion flavors serves as a control parameter for a quantum phase transition.
As the critical number of fermions is an important quantity, nonperturbative informa-
tion about these models for varying flavor number Nf is required. Since chiral fermions
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for arbitrary Nf still represent a challenge, e.g., for lattice simulations, other powerful
nonperturbative techniques are urgently needed.
After a classification of possible fermionic models, we concentrate on strong correla-
tions in a scalar parity-conserving channel. We analyze this effective Yukawa model in
Sec. 5.2 in a derivative expansion.
The resulting models and quantitative findings constitute and characterize a new set
of universality classes, classified by the chiral symmetry content. In particular, we provide
for quantitative predictions for the critical exponents for these universality classes which
have not been investigated with any other method so far. We believe that these can serve
as a first benchmark for other nonperturbative methods which are urgently needed for a
study of chiral phase transitions in systems of strongly correlated chiral fermions.
5.1 Classical action and symmetry transformations
Let us first consider a general fermionic model in d = 2+1 Euclidean dimensions with local
quartic self-interaction, being invariant under chiral U(NL)L ⊗ U(NR)R transformations.
The Dirac algebra
{γµ, γν} = 2δµν , (5.1)
could minimally be realized by an irreducible representation in terms of 2 × 2 matrices.
As this representation does not permit a chiral symmetry, the massless theory could not
be separated from the massive theory by an order-disorder transition. We therefore work






, µ = 1, 2, 3, (5.2)
with {σ1, σ2, σ3} being the 2×2 Pauli matrices. Such models have extensively been studied
in a variety of applications, see e.g. [141] for a review. There are now two other 4 × 4
















[γµ, γν ] (µ < ν), (5.4)
iγµγ4, iγµγ5, iγ4γ5, (5.5)
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these 16 matrices form a complete basis of the 4× 4 Dirac algebra,
{γA}A=1,...,16 = {1, γµ, γ4, σµν , iγµγ4, iγµγ5, iγ4γ5, γ5} . (5.6)
We define chiral projectors PL/R =
1
2
(1± γ5) that allow us to decompose a Dirac fermion
ψ into the left- and right-handed Weyl spinors ψL/R = PL/Rψ and ψ¯L/R = ψ¯PR/L, where
ψ and ψ¯ are considered as independent field variables in our Euclidean formulation. Note
that there is a certain freedom of choice of the notion of chirality here: we could have
chosen just as well P˜L/R = (1± γ4)/2 or PˆL/R = (1± iγ4γ5)/2 as chiral projectors. This
would have led us to different definitions of the decomposition into Weyl spinors. All
these chiralities remain conserved under Lorentz transformations since all three projec-
tors commute with the generators of the Lorentz transformation of the Dirac spinors,
[γ5, σµν ] = [γ4, σµν ] = [iγ4γ5, σµν ] = 0.
Continuous symmetries
We consider NR right-handed and NL left-handed fermions, where NR and NL do not have
to be identical. We impose a chiral U(NL)L⊗U(NR)R symmetry with corresponding field
transformations which act independently on left- and right-handed spinors,
U(NL)L : ψ
a
L 7→ UabL ψbL, ψ¯aL 7→ ψ¯bL(U †L)ba, (5.7)
U(NR)R : ψ
a
R 7→ UabR ψbR, ψ¯aR 7→ ψ¯bR(U †R)ba. (5.8)
Here, UL and UR are unitary NL × NL and NR × NR matrices, respectively. For UabL =
eiα δab and UabR = e
−iα δab we obtain the usual U(1)A axial transformations, whereas for
UabL = e
iα δab and UabR = e
iα δab we get U(1)V phase rotations. Thus, the symmetry is
U(NL)L ⊗ U(NR)R ∼= SU(NL)L ⊗ SU(NR)R ⊗ U(1)A ⊗U(1)V, (5.9)
with chiral SU(NL,R) factors.
Discrete symmetries
Due to the reducible representation of the Dirac algebra, there is also some freedom in
the definition of the discrete transformations [132, 133]. Charge conjugation may be
implemented by either
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with C = γ2γ5, or









with C˜ = γ2γ4, or a unitary combination thereof. In the same manner, the parity trans-
formation corresponding to
(x1, x2, x3) 7→ (−x1, x2, x3) =: x˜, (5.12)
with (x1, x2) as space coordinates and x3 as the (Euclidean) time coordinate, may be
implemented by either
P : ψaL/R(x) 7→ PψaL/R(x˜), ψ¯aL/R(x) 7→ ψ¯aL/R(x˜)P †, (5.13)
with P = γ1γ4, or
P˜ : ψaL/R(x) 7→ P˜ψaR/L(x˜), ψ¯aL/R(x) 7→ ψ¯aR/L(x˜)P˜ †, (5.14)
with P˜ = γ1γ5. Similarly, time reversal corresponding to
(x1, x2, x3) 7→ (x1, x2,−x3) =: xˆ (5.15)
reads either
T : ψaL/R(x) 7→ TψaL/R(xˆ), ψ¯aL/R(x) 7→ ψ¯aL/R(xˆ)T †, (5.16)
with T = γ2γ3, or
T˜ : ψaL/R(x) 7→ T˜ ψaR/L(xˆ), ψ¯aL/R(x) 7→ ψ¯aR/L(xˆ)T˜ †, (5.17)
with T˜ = γ1. Note that every matrix ∈ {C, C˜, P, P˜ , T, T˜} is unitary, such that charge
conjugation and parity inversion are unitary, and time reversal is anti-unitary.
In order to derive the explicit transformation properties of the bilinears, it is useful to
recall that γ1 and γ3 are antisymmetric and purely imaginary, whereas γ2, γ4, and γ5 are
symmetric and real. The results are listed in Table 5.1, where we have introduced
γ˜µ := (−γ1, γ2, γ3)µ, (5.18)
(σ˜12, σ˜13, σ˜23) := (−σ12,−σ13, σ23), (5.19)
γˆµ := (γ1, γ2,−γ3)µ, (5.20)
(σˆ12, σˆ13, σˆ23) := (σ12,−σ13,−σ23). (5.21)
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L −ψ¯bLγµψaL −ψ¯bRγµψaR ψ¯aLγ˜µψbL ψ¯aRγ˜µψbR −ψ¯aLγˆµψbL −ψ¯aRγˆµψbR
ψ¯aLσµνψ
b














L −ψ¯bLiγµγ4ψaR −ψ¯aLiγ˜µγ4ψbR ψ¯aRiγ˜µγ4ψbL ψ¯aLiγˆµγ4ψbR −ψ¯aRiγˆµγ4ψbL
Table 5.1: Properties of fermion bilinears under discrete transformations. The arguments
of the transformed fields are x˜ = (−x1, x2, x3) in the case of parity and xˆ = (x1, x2,−x3)
in the case of time reversal. The bilinears with (L↔ R) transform analogously.
Field bilinears and 4-fermi terms
The transformation properties with respect to the discrete symmetries facilitate a dis-
cussion of possible bilinears and 4-fermi terms in the action of our model. In addition
to Lorentz invariance, we impose an invariance of our theory under U(NL)L ⊗ U(NR)R
chiral transformations, C charge conjugation, P parity inversion, and T time reversal.
The theory then automatically is also invariant under C˜P˜ , P˜T˜ , and C˜T˜ transformations,
since C˜P˜ = CP , P˜T˜ = PT , and C˜T˜ = CT . (The equivalence holds up to U(1)V phase
rotations of the spinors.) As a consequence, no bilinears to zeroth order in derivatives are





















R are not invariant under P
parity transformations. The same holds for terms involving iγ4γ5. On the level of 4-fermi





























with γB ∈ {1, iγµγ4}, (5.24)































Terms with γA ∈ {iγµγ5, iγ4γ5} or γB ∈ {γ5, σµν} are equal to these up to a possible
sign, since ψL and ψR are eigenvectors of γ5, and σµν = −iµνργργ4γ5. Terms with γA ∈
{1, γ5, iγµγ4, σµν} or γB ∈ {γµ, iγµγ5, γ4, iγ4γ5} are identically zero, as PRPL = PLPR = 0.
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Fierz transformations
The terms in Eq. (5.25) are not independent of the terms in Eqs. (5.23), (5.24), but are
































































































































Here, we have suppressed the analogous equations with (L↔ R) for simplicity. We thus



























































Note that the corresponding set in d = 3+1 dimensions would be smaller as the γ4 terms
would be constrained by a larger Lorentz symmetry.
Up to this point our classification is very general to this point and also includes, e.g.,
the NJL and the Thirring model.
Partial bosonization
In a (partially) bosonized language after a Hubbard-Stratonovich transformation, we en-
counter six boson-fermion interactions: The first one corresponding to Eq. (5.30) couples
the fermions to a scalar boson (scalar with respect to P parity), the second and the third
(5.31) to a pseudo-scalar boson, the fourth and the fifth (5.32) to a vector boson, and
the sixth (5.33) to a pseudo-vector boson. Further bosonic structures in the flavor-singlet
channels appear in the corresponding Fierz transforms of Eqs. (5.30)-(5.33).
We expect that a general model based on these interactions exhibits a rich phase
structure, being controlled by the relative strength of the various interaction channels.
Aiming at an analogue of the electroweak phase transition, we focus in this work on the
P parity-conserving and Lorentz-invariant condensation channel, parameterized in terms
of the first interaction term. This channel is also invariant under time reversal T , whereas
the boson transforms into its complex conjugate under charge conjugation C. Moreover,
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we confine ourselves to the case of NR = 1 right-handed fermion flavor and NL ≥ 1































where the complex scalar φa serves as an auxiliary field. The purely fermionic model can
be recovered by use of the algebraic equations of motion for φa and φa†: φa = −2λψ¯RψaL
and φa† = 2λψ¯aLψR. Here, we can read off the transformation properties of the scalar field
under the chiral symmetry,
φa 7→ UabL φbU †R, φa† 7→ URφb†(U †L)ba. (5.36)
The composite scalar field φa represents an order parameter for an order-disorder tran-
sition. As long as φa has a vanishing expectation value, the system is in the symmetric
phase with full chiral U(NL)L × U(1)R symmetry; the fermions are massless, whereas
the scalars are generically massive as determined by the symmetry-preserving effective
potential for the scalars. If φa acquires a vacuum expectation value the chiral SU(NL)
factor is broken down to a residual SU(NL − 1) symmetry. In addition, the axial U(1)A
is broken, whereas the charge-conserving vector U(1)V is preserved. In the broken phase,
the spectrum consists of one massive Dirac fermion, one massive bosonic radial mode,
NL − 1 massless left-handed Weyl fermions and 2NL − 1 massless Goldstone bosons.
Near the phase transition we expect the order-parameter fluctuations to dominate
the critical behavior of the system. Universality suggests that the degrees of freedom
parameterized by the action (5.35) are sufficient to quantify the critical behavior of this
transition, independently of the presence of further microscopic fermionic interactions of
Eqs. (5.30)-(5.33). Concentrating on the action (5.35), we observe that the purely scalar
sector, i.e., the scalar mass term, has a larger symmetry group of O(2NL)-type. It is
therefore instructive to compare the critical behavior of our fermionic model with that
of a standard scalar O(2NL) model which is known to undergo a second order phase
transition associated with a Wilson-Fisher fixed point. Differences in the corresponding
critical behaviors can then fully be attributed to fermionic fluctuations near the phase
transition.
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5.2 Effective average action and RG flow
We constrain the flow of the action functional to lie in the subspace of the full theory













This represents the next-to-leading order in a systematic derivative expansion of the ef-
fective potential in the scalar sector and a leading-order vertex expansion in the fermionic
sector. For definitions about the field content, rescalings and the introduction of dimen-
sionless quantities, see section 4.1. As known from the previous chapter the flow of the
effective potential is then given by Eq. (4.2). Whereas the flow of the Yukawa coupling
is unambiguous in the symmetric regime, the Goldstone and radial modes can generally
develop different couplings in the broken regime. Here, we concentrate on the Goldstone-
mode Yukawa coupling to the fermions, as the radial mode becomes massive and decouples
in the broken regime. The flow of the Yukawa coupling as derived in App. C reads
∂th
2
k = (ηφ + ηL + ηR + d− 4)h2k − 8vdh4kκku′′kl(FB)d111 (κkh2k, u′k + 2κku′′k, u′k). (5.37)








































































k) + 2(NL − 1)m(FB)d12 (0, u′k)
]
.
5.3 Fixed points and critical exponents
In order to analyze the fixed point structure of this model, we will again distinguish two
different regimes the symmetric regime (SYM) and the regime of spontaneously broken
symmetry (SSB). As boson and fermion fluctuations generically contribute with oppo-
site sign, the existence of a fixed point requires a balancing between both contributions
together with potential dimensional scaling terms (such as, e.g., the first term on the
right-hand side of Eq. (5.37)). In three dimensions we observe that this balancing is in-
deed possible in both regimes, depending on the number of left-handed fermion flavors,
as the scalar loop carries a weight ∼ NL and all scalar degrees of freedom can contribute,
whereas the left/right asymmetry structure leads to a weight ∼ O(1) for the fermion
loops, Fig. 2.4. In the following we analyze the different regimes in detail.
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5.3.1 The symmetric regime
Here and in the following, we drop the subscript k indicating the scale dependence of the
running couplings for simplicity. We also set d = 3 in the flow equations from now on.
In the symmetric regime we employ the usual expansion of the effective potential u,
Eq. (3.6). We write down the explicit expression for the Yukawa coupling which in the
SYM regime reduces to ∂th
2 = (ηφ+ηL+ηR−1)h2. This tells us that an interacting fixed
point (h 6= 0) can only occur if
ηφ + ηL + ηR = 1. (5.40)
Conversely, if a fixed point exists in the SYM regime, the sum rule (5.40) has to be satisfied
by the anomalous dimensions. This statement holds exactly in the present truncation but
may receive corrections from higher orders. We comment further on the relevance of this
sum rule in the conclusions of this chapter. The expressions for the anomalous dimensions
{ηφ, ηL, ηR} constitute a linear system of equations which can be solved analytically. Its
solution expresses the anomalous dimensions in terms of the couplings h2 and m2,
ηφ =
2h2(2h2(NL + 1)− 15pi2(1 +m2)2)
h4(NL + 1)− 18pi4(1 +m2)2 , ηL =
h2(5h2 − 12pi2)
h4(NL + 1)− 18pi4(1 +m2)2 , ηR = NLηL.
These expressions can be plugged into the sum rule (5.40), resulting in a conditional fixed





7 + 5m(2 +m) + 2NL (5.41)
−
√
33 +m(2 +m)(54 + 25m(2 +m)) + 12NL + 4m(2 +m)NL + 4N2L
}
.
For another solution with a positive root, we have not been able to identify a true fixed
point of the full system by numerical means. Hence, this solution is ignored in the
following. The solution with the negative root, however, does give a fixed point and will
be analyzed in the following. This solution is positive for all m2 > 0 and monotonously
increasing. Its values range from




7 + 2NL −
√
33 + 4NL(3 +NL)
)
(NL + 1)




which is very convenient because it ensures that the fixed point value for h2 is bounded
from above and from below in a very narrow window for all m2. A true fixed point of
the system requires fixed points for all scalar couplings (m2(= λ1), λ2, λ3, ...). The flow
equation of a coupling λn is always a function of the lower order couplings from the effective
potential up to λn+1, i.e. ∂tλn = fn(h
2, λ1, ..., λn+1). Inserting the conditional fixed point













1 4.496 0.326 5.099 0.716 0.142 0.142 1.132 0.786
2 3.364 0.104 3.643 0.512 0.162 0.325 1.100 0.809
Table 5.2: Fixed-point values and critical exponents in the SYM regime.
for the Yukawa couplings into these flows leaves us with the problem of searching for a
scalar fixed-point potential. We solve the fixed-point equations ∂tλn = 0 approximately by
a polynomial expansion of the potential up to some finite orderNp, see Eq. (3.6). Dropping
the higher-order couplings λn>Np = 0, the resulting system of fixed-point equations can
be solved explicitly. We find suitable fixed-point solutions in the symmetric regime for
NL ∈ {1, 2}. The non-universal fixed-point values as well as the universal values for
the anomalous dimensions at the fixed point and the first two critical exponents can be
read off from Tab. 5.2. For these results, we have expanded the effective potential up to
λ6 at next-to-leading order in the derivative expansion and computed the corresponding
stability matrix, c.f. Eq. (2.36), including the Yukawa coupling flow.
We emphasize that a corresponding scalar O(2NL) model does not exhibit a fixed-
point potential in the SYM regime but only in the SSB regime. We conclude that the
nature of the phase transition and the corresponding critical behavior is characteristic
for our fermionic model. In particular for small NL, the fermionic fluctuations contribute
with a comparatively large weight to the critical behavior, as discussed in Fig. 2.4.
In order to estimate the error on our results arising from the polynomial expansion
of the effective potential, we study the convergence of the fixed-point values and of the
critical exponents as a function of increasing truncation order for NL = 2. Tab. 5.3
displays our results for a truncation beyond order ρn ∼ φ2n for n = 2, 4, 6, 7. All quantities
show a satisfactory convergence with a variation on the 1% level among the highest-order
truncations. The full truncation error introduced by the derivative expansion is much
harder to determine and depends on the specific quantity. By analogy with the bosonic
O(N) models, we expect the leading critical exponent to be our most accurate quantity.
On the same truncation level, the critical exponent ν in O(N) models agrees with the






2 3.462 0.137 3.400 1.001 0.795
4 3.374 0.108 3.621 1.099 0.764
6 3.364 0.104 3.643 1.100 0.809
7 3.367 0.105 3.636 1.098 0.800





2 and the two leading
critical exponents ν, ω as a function of the highest-order term n in the ρ expansion of the
effective potential.
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Figure 5.1: Left: η∗φ in the U(NL)L⊗U(1)R model (red dots) in comparison with that of
the analogous O(2NL) model (blue circles). Right: η
∗
L (purple diamonds) and η
∗
R (green
triangles) in the chiral Yukawa model.
well as the anomalous dimensions usually are less well approximated to this order of the
derivative expansion and require more refined techniques for a better resolution of the
momentum dependence, e.g., as suggested in [142, 143].
5.3.2 The regime of spontaneous symmetry breaking (SSB)
For increasing left-handed fermion number, the scalar fixed-point potential must eventu-
ally lie in the regime of spontaneous symmetry breaking as the potential flow Eq. (4.2)
of our model approaches that of an O(2NL) model in the limit NL → ∞. In three di-
mensions the latter is known to exhibit a Wilson-Fisher fixed-point potential in the SSB
regime with a nonzero κ∗ > 0.
We observe the transition of the fixed-point potential from the symmetric to the SSB
regime already near NL = 3. The flow equations in the SSB regime are more involved due
to additional loop contributions which arise from the coupling to the vev. This higher
degree of nonlinearity inhibits a simple analytical study of the fixed-point structure at
NLO in the derivative expansion. Instead, we start at the Wilson-Fisher fixed point for
the analogous O(2NL) model and obtain a fixed point of the full chiral Yukawa system
by numerical iteration. This confirms that the presence of the fermions generically shifts
the scalar fixed-point values only slightly. However, our chiral Yukawa system represents
a different universality class, and so the critical exponents and the anomalous dimensions
are special to this system. Numerical results are displayed in Figs. 5.1 and 5.2. The
models were investigated with anomalous dimensions and expanded up to order ∼ φ12 in
the effective potential.
The fixed-point values of the anomalous dimensions as plotted in Fig. 5.1 are universal
(even though slight regulator dependencies can be induced by the truncation). The left
panel shows η∗φ for our U(NL)L⊗U(1)R model (red dots) in comparison with the analogous
O(2NL) model (blue circles). Whereas η
∗
φ in both models approaches a common value for
large NL, we observe larger differences for smaller NL which can directly be attributed to
the fermionic loop contributions. The fermion anomalous dimensions η∗L and η
∗
R are shown
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Figure 5.2: Critical exponents as a function of NL in the chiral U(NL)L⊗U(1)R model
(red dots) in comparison with those of the analogous O(2NL) model (blue circles).
in the right panel (purple diamonds and green triangles, respectively). For NL = 1, both
anomalous dimensions agree as this corresponds to the left/right symmetric point. For
larger NL, η
∗
R becomes significantly larger, as the massless fermionic and bosonic degrees
of freedom contribute to the loop diagrams with a weight ∼ NL.
The critical exponents ν and ω are shown in Fig. 5.2. Again, the red dots represent the
values for our chiral U(NL)L⊗U(1)R model which is compared with those of the analogous
O(2NL) model (blue circles). The results of both models approach each other for large
NL as expected but show sizable deviations at smaller NL. We observe a rapid change of
the critical exponents near NL ' 3, where the effective fixed point potential changes from
the symmetric to the SSB regime.
We believe that especially the results for the universal fixed-point anomalous dimen-
sions and critical exponents as summarized in Tab. 5.4 can provide for first benchmarks
for these new universality classes. For any other nonperturbative approach to theories for
chiral fermions near the symmetry-breaking phase transition, these universality classes
can serve as a useful testing ground.
Discussion
A critical discussion of the accuracy of our NLO results can be based on the following
indirect arguments: First, the large-NL limit of our model corresponds to the purely scalar













3 2.718 0.009 2.967 0.371 0.154 0.487 0.883 0.675
4 2.713 0.042 2.954 0.279 0.125 0.637 1.043 0.678
5 2.519 0.079 2.717 0.204 0.100 0.746 1.124 0.715
10 1.452 0.256 1.506 0.075 0.046 0.913 1.092 0.872
20 0.739 0.597 0.752 0.032 0.022 0.963 1.043 0.942
50 0.296 1.612 0.298 0.012 0.009 0.986 1.017 0.978
100 0.148 3.301 0.149 0.006 0.004 0.993 1.008 0.989
Table 5.4: Fixed point values and critical exponents in the SSB regime.
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structure. In these models, the quantitative reliability of the derivative expansion has
been verified to a high level of significance. We conjecture that this limit also provides
a reasonable estimate for large finite values of NL. Second, the derivative expansion
is based on the implicit assumption that momentum dependencies of operators do not
grow large. This includes the kinetic terms, such that self-consistency of the derivative
expansion requires that the anomalous dimensions satisfy ηφ,L,R . 1, as is the case in our
calculations. From the structure of the threshold functions, cf. App. B, we observe that
even large anomalous dimensions of order ηi ' 1 do not change the LO flow qualitatively
but contribute a correction on the 10-20% level to the potential flow. Third, the same
NLO truncation has been used in the study of critical exponents in the 3d Gross-Neveu
model [66]: the resulting critical exponents are in very good quantitative agreement with
the available lattice data for Nf = 4, 12 and other methods [122] even for large anomalous
dimensions. Still, we emphasize that a direct quantitative estimate of the accuracy in
our case requires a higher-order calculation. In particular, the anomalous dimensions and
subleading exponents may be affected by larger corrections.
From our classification of all fermionic interaction terms compatible with the required
symmetries, it is clear that the Higgs-like condensation channel is not the only possible
channel. Aside from vector-like channels, there are two further pseudo-scalar channels,
cf. Eq. (5.31), and further scalar and pseudo-scalar channels in the flavor-singlet Fierz
transforms of Eqs. (5.30)-(5.33). In fact, the present analysis is a restricted study of a
particular condensation process. We expect that the phase diagram of the general model
is much more involved and might exhibit a variety of possible phases and corresponding
transitions.
A special feature of our model arises in the symmetric regime: here, a fixed point within
our truncation implies a sum rule for the anomalous dimensions, ηφ+ηL+ηR = 1 ≡ 4−d.
This sum rule is relevant, since the underlying balancing between anomalous dimensions
and dimensional power-counting scaling can be a decisive feature of many other models
as well. Most prominently, the asymptotic-safety scenario in quantum gravity [20] as well
as in extra-dimensional Yang-Mills theories [96] requires similar sum rules to be satisfied.
In contrast to these latter models, the present models for NL = 1, 2 can serve as a much
simpler example for a test of this sum rule at a fixed point. A verification of this sum
rule also by other nonperturbative tools can shed light on this important mechanism for
the generation of RG fixed points.
Chapter 6
Functional renormalization for the
BCS-BEC crossover
Ultracold atomic Fermi gases with two accessible hyperfine spin states near a Feshbach
resonance show a smooth crossover between Bardeen-Cooper-Schrieffer (BCS) superflu-
idity and Bose-Einstein condensation (BEC) of diatomic molecules [144, 145].
By means of an external magnetic field B the phenomenon of a Feshbach resonance
allows to arbitrarily regulate the effective interaction strength of the atoms, parametrized
by the s-wave scattering length a. We shortly discuss the example of 6Li [146], which is
besides 40K realized in current experiments [147–152], see left panel of Fig. 6.1.
For magnetic fields larger than ∼ 1200G the scattering length a is small and negative,
giving rise to the many-body effect of Cooper-pairing and a BCS-type ground state below
a critical temperature. The BCS ground state is superfluid described by a non-vanishing
fermion bilinear order parameter φ0 = 〈ψ1ψ2〉. An increase of the temperature leads
to a second order phase transition to a normal fluid, φ0 = 0. Magnetic fields below
B ∼ 600G induce a small and positive scattering length a and the formation of a diatomic
bound state, a dimer. The ground state is a repulsive BEC of dimers and again a phase
transition from a superfluid, φ0 > 0, to a normal fluid, φ0 = 0, can be observed at a
critical temperature. For magnetic fields in the regime 700G . B . 1100G the modulus
of the scattering length |a| is large and diverges at the unitarity point, B0 = 834G. At
and near unitarity the fermions are in a strongly interacting regime. It connects the limits
of BCS superfluidity and Bose-Einstein condensation by a continuous crossover and also
shows a superfluid ground state, with φ0 > 0 [144, 145].
A convenient parametrization of the crossover is given by the inverse concentration
c−1 = (akF )−1. Here the density of atoms n = k3F/(3pi
2) defines the Fermi momentum kF
in natural units with ~ = kB = 2M = 1, andM the mass of the atoms. The dimensionless
parameter c−1 varies from large negative values on the BCS side to large positive values
on the BEC side. It crosses zero at the unitarity point, see right panel of Fig. 6.1.
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Figure 6.1: Left: Feshbach resonance, see [146]. Right: Sketch of the crossover physics.
A wide range of qualitative features of the BCS-BEC crossover is already well described
by extended mean-field theories which account for the contribution of both fermionic and
bosonic degrees of freedom [153, 154]. However, the quantitatively precise understanding
of BCS-BEC crossover physics requires non-perturbative methods. The experimental real-
ization of molecule condensates and the subsequent crossover to a BCS-like state of weakly
attractively interacting fermions [147–152] pave the way to future experimental precision
measurements and provide a testing ground for non-perturbative methods. Quantitative
understanding of the crossover at and near the resonance has been developed through
numerical Quantum Monte-Carlo (QMC) methods [155–159]. Computations of the com-
plete phase diagram have been performed from functional field-theoretical techniques,
as t-matrix approaches [160, 161], Dyson-Schwinger equations [162, 163], 2PI methods
[164], and RG flow equations [68, 69, 165, 166]. These pictures of the whole phase di-
agram [68, 69, 160–167] do not yet reach a similar quantitative precision as the QMC
calculations.
We intend to fill this gap and discuss the limit of broad Feshbach resonances for which
all thermodynamic quantities can be expressed in terms of two dimensionless parameters,
the concentration: c = akF , (6.1)
and the temperature in units of the Fermi temperature T/TF where TF = k
2
F . In the
broad resonance regime, macroscopic observables are universal [68, 162, 167, 168], i.e.
they are to a large extent independent of the concrete microscopic realization. This can
be traced back to the existence of a NGFP in the RG flow, cf. Chaps. 3, 4 and 5, which
is approached provided the Feshbach (Yukawa) coupling is large enough [69].
We shortly introduce the techniques and results from RG flow equations for cold
atoms, see Secs. 6.1 - 6.4. Further, we include the quantitative effect of particle-hole
fluctuations, Sec. 6.5, and systematically extend the truncation scheme, accounting for
changes of the Fermi surface due to fluctuation effects, Sec. 6.6. Additionally, we also
consider an atom-dimer interaction term.
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6.1 Microscopic model
Microscopically the BCS-BEC crossover can be described by an action including a two-
component Grassmann field ψ = (ψ1, ψ2), describing non-relativistic fermions in two
hyperfine states and a complex scalar field φ as the bosonic degrees of freedom. In
different regimes of the crossover φ can be seen as a field describing molecules, Cooper














In thermal equilibrium the system is described by the Matsubara formalism, see App. A.
The variable µ is the chemical potential. The parameter νΛ = ν(B) + δν(Λ) includes the
detuning from the Feshbach resonance ν(B) = µM(B−B0), with the magnetic moment of
the boson field µM , and a renormalization counter term δν(Λ) that has to be adjusted to
match the conditions from the physical vacuum. The Yukawa coupling hΛ is related to the
width of the Feshbach resonance. Note that the bosonic field φ appears quadratically in
Eq. (6.2) so the functional integral over φ can be carried out and our model is equivalent














2)ψ2(p2) δ(p1 + p2 − p′1 − p′2). (6.3)
Here p = (p0, ~p) and the microscopic interaction between the fermions is described by the
tree level expression with a classical inverse boson propagator in the denomiator





+ νΛ − 2µ
, (6.4)
where ω is the real-time frequency of the exchanged boson φ. It is related to the Matsubara
frequency q0 via analytic continuation ω = −iq0. Further, ~q = ~p1+~p2 is the center of mass
momentum of the scattering fermions ψ1 and ψ2 with momenta ~p1 and ~p2, respectively.
The limit of broad Feshbach resonances corresponds to hΛ →∞, for which the microscopic
interaction becomes pointlike, with strength −h2Λ/νΛ.
6.2 Truncation and cutoff function
The functional renormalization group connects the microphysics to macrophysics and
therefore to observable thermodynamics. which can be obtained from the grand canonical
partition function Z or the corresponding grand canonical potential ΩG = −T lnZ. It is
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Let s first present a basic version of a truncation which already captures all the qualitative













The effective potential U¯(ρ¯, µ) is a function of ρ¯ = φ¯∗φ¯ and µ. This truncation can
be motivated by a systematic derivative expansion and analysis of Ward identities, see
[68, 169]. It does not yet incorporate the effects of particle-hole fluctuations and we will
come back to this issue in Sect. 6.5.1. In terms of renormalized fields φ = A
1/2
φ φ¯, ρ = Aφρ¯
and renormalized couplings Zφ = Z¯φ/Aφ, h = h¯/
√










For the effective potential, we use an expansion around the k-dependent location of the
minimum ρ0(k) and the k-independent value of the chemical potential µ0 that corresponds
to the physical particle number density n. We determine ρ0(k) and µ0 by the requirements
(∂ρU)(ρ0(k), µ0) = 0 for all k, and −(∂µU)(ρ0, µ0) = n at k = 0. More explicitly, we
employ a truncation for U(ρ, µ) of the form
U(ρ, µ) = U(ρ0, µ0)− nk(µ− µ0) + (m2 + α(µ− µ0))(ρ− ρ0) + 1
2
λ(ρ− ρ0)2. (6.7)
In the symmetric or normal gas phase, we have ρ0 = 0, while in the phase with spontaneous
breaking of U(1)-symmetry (superfluid phase), we have ρ0 > 0 and m
2 = 0. The atom
density n = −∂U/∂µ corresponds to nk in the limit k → 0.
In total, we have the running couplings m2(k), λ(k), α(k), nk, Zφ(k) and h(k). In the
phase with spontaneous symmetry breaking m2 is replaced by ρ0. In addition, we need
the anomalous dimension η = −k∂klnAφ. At the microscopic scale k = Λ the initial values
of our couplings are determined from Eq. (6.2). This gives m2(Λ) = νΛ − 2µ, ρ0 = 0,
λ(Λ) = 0, Zφ(Λ) = 1, h(Λ) = hΛ, α(Λ) = −2 and nΛ = 3pi2µθ(µ).
Finally, we have to employ a cutoff scheme. We use a purely space-like cutoff which







sign(~p2 − µ)k2 − (~p2 − µ)) θ (k2 − |~p2 − µ|)ψ(p)
+φ¯∗(p)Aφ
(
k2 − ~p2/2) θ (k2 − ~p2/2) φ¯(p)}. (6.8)
For the fermions it regularizes fluctuations around the Fermi surface, while for the bosons
fluctuations with small momenta are suppressed. The choice of ∆Sk is an optimized choice
in the spirit of [16, 70].
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6.3 Flow equations
For our choice of the regulator and with the basic approximation scheme Eq. (6.6) the
flow equation for the effective potential can be computed:

















2θ(µ+k2)−(µ−k2) 32 θ(µ−k2))s(0)F , (6.9)



































The threshold functions include a temperature dependence via the Bose and Fermi func-
tions NB/F[] = (e
/T∓1)−1. From the effective potential flow we derive the flow equations
for the running couplings m2 or ρ0 and λ. For details we refer to [169]. Further we need
flow equations for Aφ and Zφ that are obtained by the prescriptions



















= (P¯φ)ij(q)δ(q + q
′). (6.13)
Here the boson field is expressed in a basis of real fields φ¯(x) = 1√
2
(φ¯1(x)+ iφ¯2(x)). These
flow equations are derived in [169] and have a rather involved structure. Finally, we need
the flow of the Yukawa coupling. In the symmetric regime with ρ0 = 0 there is no loop




ηh, or in dimensionless units ∂th˜
2 = (−1 + η)h˜2, (6.14)
where h˜2 = h2/k. For a nonvanishing order parameter ρ0 there is a loop contribution ∼
h3λρ0 from a diagram involving both fermions and bosons. This contribution is subleading
and we verified numerically that this is indeed the case. For the basic approximation
scheme, Eq. (6.6), we therefore omitted this contribution.
6.4 Vacuum limit
The vacuum limit establishes the contact to experiment. We find that for n = T = 0 the
crossover at finite density turns into a second-order phase transition in vacuum [163, 167]
72 Chapter 6. Functional renormalization for the BCS-BEC crossover
as a function of m2(Λ). In order to see this, we consider the momentum independent
parts in both the fermion and the boson propagator, −µ (the “chemical potential” for the
fermions in vacuum) andm(k = 0)2, which act as gaps for the propagation of fermions and
bosons. We find the following constraints, separating two qualitatively different branches
of the physical vacuum [163],
m2(0) > 0, µ = 0 atom phase (a−1 < 0),
m2(0) = 0, µ < 0 molecule phase (a−1 > 0),
m2(0) = 0, µ = 0 resonance (a−1 = 0).
(6.15)
Now, the initial values m2(Λ) and hΛ can be connected to the two-particle scattering in
vacuum close to a Feshbach resonance. For this purpose one follows the flow of m2(k)
and h(k) in vacuum, i.e. µ = T = n = 0 and extracts the renormalized parameters
m2 = m2(k = 0), h = h(k = 0). They have to match the physical conditions formulated
in Eq. (6.15). We obtain the two relations





a = − h
2(k = 0)
8pi m2(k = 0)
= − h¯
2(Λ)
8pi µM(B −B0) . (6.17)
For details we refer to [169]. These relations fix the initial conditions of our model com-
pletely and we can express the parameters m2(Λ) and h2(Λ) by the experimentally ac-
cessible quantities B − B0 and a. They remain valid also for non-vanishing density and
temperature. From the flow equations together with the inital conditions we can already
recover all the qualitative features of the BCS-BEC crossover, e.g. compute the phase
diagram for the phase transition to superfluidity. The result for this basic approximation
is displayed in the right panel of Fig 6.7 by the dot-dashed line.
Fixed point and universality In the vacuum limit and in the regime where k2  −µ
the flow of the anomalous dimension reads η = h2/(6pi2k) [169]. Together with the
dimensionless flow of the Yukawa coupling, Eq. (6.14), this reveals the existence of an
IR attractive fixed point given by η = 1, h˜2 = 6pi2. This fixed-point is approached
rapidly if the initial value of h2(Λ)/Λ is large enough, i.e. the system is in the broad
resonance limit. Then the memory of the microscopic value of h2(Λ)/Λ is lost. Also all
of the other parameters, but the mass term m2 are attracted to an IR fixed-point, giving
rise to universality. The fixed-point structure remains similar for non-vanishing density
and temperature and these findings also apply in this regime and determine the critical
physics of these non-relativistic quantum fields. For a given temperature, this fixed point
has only one relevant direction which related to the detuning of the resonance B − B0.
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6.5 Particle-hole fluctuations
For small and negative scattering length c−1 < 0, |c|  1 (BCS side), the system can
be treated the perturbative BCS theory of superfluidity [170, 171]. However, there is a
significant decrease of the critical temperature as compared to the original BCS result due
to a screening effect of particle-hole fluctuations in the medium [172, 173]. Here we will
develop the technique to include the effect of particle-hole fluctuations in our functional
RG treatment.
In an RG setting, the features of BCS theory can be described in a purely fermionic
language with the fermion interaction vertex λψ as the only scale dependent object. In




2, p2), and its flow
has two contributions which are depicted in Fig. 6.2, including the external momentum
labels. For k → 0, µ0 → 0, T → 0 and n → 0 this coupling is related to the scattering
length, a = 1
8pi
λψ(pi = 0).
In the BCS approximation only the first diagram in Fig. 6.2, the particle-particle





2, p2) by the pointlike coupling evaluated at zero momentum.
For µ > 0 its effect increases as the temperature T is lowered. For small temperatures
T ≤ Tc,BCS the logarithmic divergence leads to the appearance of pairing, as λψ → ∞.
In terms of the scattering length a, Fermi momentum kF and Fermi temperature TF , the
critical temperature is found to be
Tc,BCS ≈ 0.61 TF epi/(2akF ). (6.18)
At zero temperature the expression for the second diagram in Fig. 6.2, the particle-hole
(ph) loop, vanishes if it is evaluated for vanishing external momenta, as both poles of the
frequency integration are always either in the upper or lower half of the complex plane.
The dominant part of the scattering in a fermion gas occurs, however, for momenta on









∂kλψ = ∂˜k + ∂˜k
Figure 6.2: Running of the momentum dependent vertex λψ. Here ∂˜k indicates derivatives
with respect to the cutoff terms in the propagators and does not act on the vertices in
the depicted diagrams.
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particles the particle-hole loop makes an important contribution. Setting the external
frequencies to zero, we find that the inverse propagators in the particle-hole loop are
Pψ(q) = iq0 + (~q − ~p1)2 − µ, and Pψ(q) = iq0 + (~q − ~p ′2)2 − µ. (6.19)
Depending on the value of the momenta ~p1 and ~p
′
2, there are now values of the loop
momentum ~q for which the poles of the frequency integration are in different halfplanes
so that there is a nonzero contribution even for T = 0.
To include the effect of particle-hole fluctuations one could take the full momentum
dependence of the vertex λψ into account. However, this leads to complicated expressions
which are hard to solve even numerically. One therefore often restricts the flow to the
running of a single coupling λψ by choosing an appropriate projection prescription to
determine the flow equation. In the purely fermionic description this flow equation has a







+ pp-loop + ph-loop . (6.20)
Since the ph-loop depends only weakly on the temperature, one can evaluate it at T = 0
and add it to the initial value λψ(k = Λ)





= (λψ(k = Λ)





in a multiplicative factor for Tc. The numerical value of the ph-loop and therefore of the
correction factor for Tc/TF depends on the precise projection description.
Let us now choose the appropriate momentum configuration. For the formation of








2 = µ, and ~p1 = −~p2, ~p ′1 = −~p ′2 . (6.21)
This still leaves the angle between ~p1 and ~p
′
1 unspecified. Gorkov’s approximation [173]
uses Eqs. (6.21) and projects on the s-wave by averaging over the angle between ~p1 and
~p ′1. One can shift the loop momentum such that the internal propagators depend on ~q
2
and (~q+ ~p1− ~p ′1)2. In terms of spherical coordinates the first propagator depends only on
the magnitude of the loop momentum q2 = ~q2, while the second depends additionally on
the transfer momentum p˜2 = 1
4
(~p1 − ~p ′1)2 and the angle α between ~q and (~p1 − ~p ′1),
(~q + ~p1 − ~p ′1)2 = q2 + 4p˜2 + 4 q p˜ cos(α) . (6.22)
Performing the loop integration involves the integration over q2 and the angle α. The
averaging over the angle between ~p1 and ~p
′
1 translates to an averaging over p˜
2. Both can
be done analytically [172] for the particle-hole diagram and the result gives the well known
Gorkov correction to BCS theory, resulting in Tc = (4e)
−1/3Tc,BCS. Here, we will use a
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numerically simpler projection by choosing ~p ′1 = ~p1, ~p2 = ~p
′
2, without an averaging over
the angle between ~p ′1 and ~p1. The size of p˜
2 = ~p21 is chosen such that the one-loop result
reproduces exactly the result of the Gorkov correction, namely p˜ = 0.7326
√
µ. Choosing
different values of p˜ demonstrates the dependence of Tc on the projection procedure.
6.5.1 Scale-dependent bosonization
In Sect. 6.1 we describe an effective four-fermion interaction by the exchange of a boson.
In this picture the phase transition to the superfluid phase is indicated by the vanishing
of the bosonic ”mass term” m2 = 0. Negative m2 leads to the spontaneous breaking of
U(1)-symmetry, since the minimum of the effective potential occurs for a nonvanishing
superfluid density ρ0 > 0. For m
2 ≥ 0 we can solve the field equation for the boson φ as a
functional of ψ and insert the solution into the effective action. This leads to an effective
four-fermion vertex describing the scattering ψ1(p1)ψ2(p2)→ ψ1(p ′1)ψ2(p ′2)
λψ,eff =
−h2
i(p1 + p2)0 +
1
2
(~p1 + ~p2)2 +m2
. (6.23)
To investigate the breaking of U(1) symmetry and the onset of superfluidity, we first
consider the flow of the bosonic propagator, which is mainly driven by the fermionic loop
diagram. For the effective four-fermion interaction this accounts for the particle-particle
loop (see left panel, r.h.s. of Fig. 6.3). In the BCS limit of a large microscopic m2Λ the
running of m2 for k → 0 reproduces the BCS result [170, 171].
The particle-hole fluctuations are not accounted for by the renormalization of the boson
propagator. Indeed, we have neglected so far that a four-fermion interaction term λψ in
the effective action is generated by the flow. This holds even if the microscopic pointlike
interaction is absorbed by a Hubbard-Stratonovich transformation into an effective boson
exchange such that λψ(Λ) = 0. The strength of the total interaction between fermions
λψ,eff =
−h2
i(p1 + p2)0 +
1
2















Figure 6.3: Left panel: Flow of the boson propagator. Right panel: Box diagram for the
flow of the four-fermion interaction.
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adds λψ to the piece generated by boson exchange. In the partially bosonized formulation,
the flow of λψ is generated by the box diagrams depicted in the right panel of Fig. 6.3.
We may interpret these diagrams and establish a direct connection to the particle-hole
diagrams depicted in Fig. 6.2 on the BCS side of the crossover and in the microscopic
regime. There the boson gap m2 is large. In this case, the effective fermion interaction
in Eq. (6.24) becomes momentum independent. Diagrammatically, this is represented by
contracting the bosonic propagator. One can see, that the box-diagram in Fig. 6.3 is
then equivalent to the particle-hole loop investigated in the last section with the pointlike
approximation λψ,eff → − h2m2 for the fermion interaction vertex. Therefore, we will evaluate
∂kλψ for ~p1 = ~p
′
1 = −~p2 = −~p ′2, |~p1| = p˜ = 0.7326
√
µ, as discussed in the preceding section
to account for the particle-hole fluctuations.
In contrast to the particle-particle fluctuations (leading to SSB for decreasing T ), the
particle-hole fluctuations lead only to quantitative corrections and depend only weakly
on temperature. This can be checked explicitly in the pointlike approximation, and holds
not only in the BCS regime where T/µ  1, but also for moderate T/µ as realized at
the critical temperature in the unitary regime. We therefore evaluate the box-diagrams
in Fig. 6.2 for zero temperature. We note that an implicit temperature dependence,
resulting from the couplings parameterizing the boson propagator, is taken into account.
After these preliminaries, we can now incorporate the effect of particle-hole fluctuations
in the RG flow. An elegant way is provided by the method of bosonization [16, 174]. This
method also preserves the picture that the divergence of λψ,eff is connected to the onset of
a nonvanishing expectation value for the bosonic field φ0. For this purpose, we use scale
dependent fields in the average action. The scale dependence of Γk[χk] is modified by a

















For our purpose it is sufficient to work with scale dependent bosonic fields φ¯∗k, φ¯k and
keep the fermionic field ψ scale independent. We employ















Here q is the center of mass momentum of the scattering fermions. In the notation of Eq.
(6.23) we have q = p1+p2 and we will take ~q = 0, q0 = 0. The first term on the right hand
sides in Eqs. (6.27) gives the contribution of the flow equation which is valid for fixed
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field φ¯k. The second term comes from the explicit scale dependence of φ¯k. The inverse
propagator of the complex boson field φ¯ is denoted by P¯φ(q) = Aφ(m
2 + iZφq0 + ~q
2/2).
We can choose ∂kυ such that the flow of the coupling λψ vanishes, i.e. that we have















the contribution without bosonization and ∂kλψ
∣∣
φ¯k
given by the box diagram
in Fig. 6.3. Since λψ remains zero during the flow, the effective four-fermion interaction
λψ,eff is now purely given by the boson exchange. However, the contribution of the particle-
hole exchange diagrams is incorporated via the second term in Eq. (6.28).




the expectation value φ¯0 is chosen to be real without loss of generality. The real fields φ¯1
and φ¯2 then describe the radial and the Goldstone mode, respectively. To determine the















. Since the Goldstone mode has vanishing “mass”, the flow
of the Yukawa coupling is not modified by the box diagram (Fig. 6.3) in the SSB regime.
We emphasize that our non-perturbative flow equations go beyond the treatment by
Gorkov and Melik-Barkhudarov [173] which includes the particle-hole diagrams only in
a perturbative way. Furthermore, the inner bosonic lines h2/Pφ(q) in the box diagrams
represent the center of mass momentum dependence of the four-fermion vertex. This is
neglected in Gorkov’s pointlike treatment, and thus represents a further improvement of
the classic calculation. Actually, this momentum dependence becomes substantial away
from the BCS regime where the physics of the bosonic bound state sets in. We want
to mention that there are also alternative approaches to the problem of scale dependent
bosonization [61, 175].
Critical temperature including particle-hole fluctuations
To obtain the flow equations for the running couplings of our truncation Eq. (6.6) we use
projection prescriptions similar to Eq. (6.29). The resulting system of ordinary coupled
differential equations is then solved numerically for different chemical potentials µ and
temperatures T . For temperatures sufficiently small compared to the Fermi temperature,
T/TF  1, we find that the effective potential U at the macroscopic scale k = 0 develops
a minimum at a nonzero field value ρ0 > 0, ∂ρU(ρ0) = 0. The system is then in the
superfluid phase. For larger temperatures we find that the minimum is at ρ0 = 0 and









































Figure 6.4: (Color online) Critical temperature Tc (boxes) and Fermi temperature TF =
(3pi2n)2/3 (triangles) as a function of the chemical potential µ. For convenience the Fermi
temperature is scaled by a factor 1/5. We also plot the linear fits Tc = 0.39µ and
TF = 1.48µ. The units are arbitrary and we use Λ = e
7.
that the “mass parameter” m2 is positive, m2 = ∂ρU(0) > 0. The critical temperature Tc
of this phase transition between the superfluid and the normal phase is then defined as
the temperature where one has
ρ0 = 0, ∂ρU(0) = 0 at k = 0. (6.30)
Throughout the whole crossover the transition ρ0 → 0 is continuous as a function of T
demonstrating that the phase transition is of second order.
In Fig. 6.4 we plot our result obtained for the critical temperature Tc and the Fermi
temperature TF as a function of the chemical potential µ at the unitarity point with a
−1 =
0. From dimensional analysis it is clear that both dependencies are linear, Tc, TF ∼ µ,
provided that non-universal effects involving the ultraviolet cutoff scale Λ can be neglected.
That this is indeed found numerically can be seen as a nontrivial test of our approximation
scheme and the numerical procedures as well as the universality of the system. Dividing
the slope of both lines gives Tc/TF = 0.264, a result that will be discussed in more
detail below. We emphasize that part of the potential error in this estimates is due to
uncertainties in the precise quantitative determination of the density or TF .
6.6 Running Fermion sector
In this section we aim at a systematic extension of the truncation scheme and consider a
running fermion sector. Similar parametrizations of the fermionic self-energy have been
studied in refs. [166, 176, 177]. Further, we include an atom-dimer interaction term.
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Completion of the truncation












+U¯(ρ¯, µ)− h¯(φ¯∗ψ¯1ψ¯2 + φ¯ψ¯∗2ψ¯∗1) + λ¯φψφ¯∗φ¯ψ¯†ψ¯
}
. (6.31)
In addition to the parameters used in our previous investigations, Secs. 6.2, our truncation
includes now the k-dependent parameters m¯2ψ and Zψ by which we take into account
fluctuation effects on the self-energy of the fermionic quasiparticles. The inclusion of the
coupling constant λ¯φψ closes the truncation on the level of interaction terms quartic in
the fields. The coupling λ¯φψ plays an important role for the three-body physics [178] and
leads to quantitative modifications for the many-body problem. In contrast to [178] we
do not resolve the momentum dependence of λ¯φψ in this work. In terms of renormalized
fields φ = A
1/2
φ φ¯, ρ = Aφρ¯, ψ = Z
1/2
ψ ψ¯ and couplings Zφ = Z¯φ/Aφ, h = h¯/(A
1/2
φ Zψ),
















+U(ρ, µ)− h(φ∗ψ1ψ2 + φψ∗2ψ∗1) + λφψφ∗φψ†ψ
}
. (6.32)
As before, we expand the effective potential in monomials of ρ, see Eq. (6.7). For ρ0 > 0
the term ∼ λφψ leads to a further modification of the Fermi surface, besides the gap√
h2ρ0. At the microscopic scale k = Λ we have an additional initial value, m
2
ψ(Λ) = −µ.
The infrared cutoff we use is again purely space-like and has to be completed as well,
















k2 − ~p2/2] θ (k2 − ~p2/2) φ¯(p)}, (6.33)
where µ˜k = −m2ψ−λφψρ0. For the fermions it regularizes fluctuations around the running
Fermi surface, while for the bosons fluctuations with small momenta are suppressed.
The extension of the truncation by including the running couplings Zψ, m
2
ψ and λφψ
helps to improve the numerical precision of our results considerably all over the crossover,
however especially in the limits of weak interactions. The effect of including the λφψ-vertex
can most prominently be observed in the result for the vacuum dimer-dimer scattering
length aM expressed in units of the atom-atom scattering length a. On the BEC side
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Figure 6.5: Left panel: Flow of the inverse fermionic wave function renormalization 1/Zψ
at T = 0. The solid line is at the unitarity point (c−1 = 0). The dashed line corresponds
to the BCS side at c−1 = −1 and the short dashed line to the BEC side at c−1 = 1.
Right panel: Inverse fermionic wave function renormalization 1/Zψ at the macroscopic
scale k = 0 as a function of the crossover parameter c−1.







, λψ,eff = 8pia =
8pi√−µ, for µ < 0 and k = 0. (6.34)
In this truncation we find aM/a = 0.59, which is in very good agreement with the well-
known result from a direct solution of the Schro¨dinger equation, aM/a = 0.60 [179]. Our
result is somewhat surprising since no momentum dependence of λφψ has been taken into
account. As it has been found in [178], this turns out to be important for the atom-dimer
scattering [178].
A study of the flow of the wave function renormalization Zψ shows, that its effect is
strongest in the strongly interacting regime, when |c−1| < 1, cf. Fig. 6.5.
Fermi sphere
The flowing coupling constants Zψ and m
2
ψ as well as the coupling λφψ have an interest-
ing effect on the dispersion relation of the fermions. In the regime with spontaneously
broken U(1) symmetry, the renormalized propagator of the fermionic field after analytic
continuation to real frequencies ω reads
G−1ψ =
(
−hφ0 −ω − (~q2 +m2ψ + λφψρ0)
−ω + (~q2 +m2ψ + λφψρ0) hφ0
)
. (6.35)
The dispersion relation follows from detG−1ψ = 0 as ω = ±
√
∆2 + (~q2 − r2F )2, where
∆ = h
√
ρ0 is the gap and rF =
√
−m2ψ − λφψρ0 is the effective radius of the Fermi sphere.
For small negative scattering lengths on the BCS side of the crossover the renormalization
effects on rF remain small. It takes the classical value rF =
√
µ = kF where kF =
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Figure 6.6: Left panel: Effective Fermi radius rF/kF as a function of the crossover param-
eter c−1 for vanishing temperature (solid line). We find that the Fermi sphere vanishes
approximately (akF )
−1 ≈ 0.6. For comparison we also give the effective Fermi radius in an
approximation, where we omitted the contribution of the atom-dimer vertex λφψ (dotted
line). Right panel: Positive branch of the dispersion relation ω(q) in units of the Fermi
energy for c−1 = −1 (dashed), c−1 = 0 (solid) and c−1 = 1 (short dashed). The gap and
the Fermi radius are evaluated at the macroscopic scale k = 0.
(3pi2n)1/3. For large scattering length the Fermi sphere gets smaller and rF finally vanishes
at a point with c−1 ≈ 0.6. For small and positive scattering length (BEC side), the Fermi
surface has disappeared and the fermions are gapped even for ∆→ 0 by a positive value
of m2ψ +λφψρ0. We plot our result for the Fermi radius and the dispersion relation in Fig.
6.6.
6.7 Results
For the studies in the previous section, we have omitted the effect of particle-hole fluc-
tuations for simplicity. In the following, however, all the results are given for the corre-
spondingly extended truncation inluding particle-hole fluctuations.
Single-particle gap at T = 0
On the BCS side for small negative values of c the single particle gap at zero temperature
can be calculated from perturbation theory. The result first found by Gorkov and Melik-
Bakhudarov is given by ∆/EF = (2/e)
7/3epi/(2c). In our approach we can extend this
calculation to the strongly interacting regime and to the BEC side of the crossover. Our
result for the gap in units of the Fermi energy, ∆/EF , is shown in Fig. 6.7. We find
perfect agreement with Gorkov and Melik-Bakhudarov on the BCS side. At the unitarity
point, (akF )
−1 = 0, we obtain ∆/EF = 0.46. Another benchmark for the comparison of
different methods is the chemical potential in units of the Fermi energy at (akF )
−1 = 0
82 Chapter 6. Functional renormalization for the BCS-BEC crossover
µ/EF ∆/EF
Carlson et al. [155] 0.43 0.54
Perali et al. [161] 0.46 0.53
Haussmann et al. [164] 0.36 0.46
Bartosch et al. [177] 0.32 0.61
present work 0.51 0.46
Table 6.1: Results for the single-particle gap and the chemical potential at T = 0 and at
the unitarity point by various authors.
and T = 0. We find µ/EF = 0.51. In Tab. 6.1 we compare the results from different
(non-perturbative) approaches for this quantity as well as for ∆/EF .
Phase diagram
With our approach we can compute the critical temperature for the phase transition to
superfluidity throughout the crossover. The results are shown in Fig. 6.7. We plot the
critical temperature in units of the Fermi temperature Tc/TF as a function of the scattering
length measured in units of the inverse Fermi momentum, i. e. the concentration c = akF .
Now, we discuss the three different regimes of the crossover. On the left side, where











epi/(akF ) ≈ 0.28epi/(akF ). (6.36)
depicted by the short dashed line in the right panel of Fig. 6.7. Here, C ≈ 0.577 is
EulerO˜s constant. On the BEC-side for very large and positive c−1 our result approaches
the critical temperature of a free Bose gas where the bosons have twice the mass of the







In-between there is the unitarity regime, where the two-atom scattering length diverges
(c−1 → 0) and we deal with a system of strongly interacting fermions.
Our best result including also the particle-hole fluctuations is given by the solid line.
This may be compared with a functional renormalization flow investigation leaving out
particle-hole fluctuations (dot-dashed line) [68]. For c → 0− the solid line of our result
matches the BCS theory including the correction by Gorkov and Melik-Barkhudarov.
Deviations from this pertubative regime appear only quite close to the regime of strong
interactions c−1 → 0.
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Figure 6.7: Left panel: Gap in units of the Fermi energy ∆/EF as a function of
(akF )
−1 (solid line). For comparison, we also plot the result found by Gorkov and Melik-
Bakhudarov (left dahed) and extrapolate this to the unitarity point (akF )
−1 = 0, where
∆GMB/EF = 0.49. Right panel: Critical temperature Tc/TF in units of the Fermi temper-
ature as a function of the crossover parameter (akF )
−1. The three red dots close to and
at unitarity show the QMC results by Burovski et al. [158].











Here, nM = n/2 is the density of molecules and aM is the scattering length between them.
We use our result aM/a = 0.59 obtained from solving the flow equations in vacuum, i. e.
at T = n = 0, see also [68]. This has to be compared to the result obtained from solving
the corresponding Schro¨dinger equation which gives aM/a = 0.6 [179]. For the coefficients
determining the shift in Tc compared to the free Bose gas we find κ = 1.39. In [181, 182]
the result for an interacting BEC is given with κ = 1.31 (dashed curve on BEC side of
6.7), which is in reasonable agreement with our result . Other characteristic quantities
are the maximum of the ratio (Tc/TF )max ≈ 0.31 and the location of the maximum
(akF )
−1
max ≈ 0.40. For c−1 > 0.5 the effect of the particle-hole fluctuations vanishes. This
is expected since the chemical potential is now negative µ < 0 and there is no Fermi
surface any more.
In the unitary regime (c−1 ≈ 0) the particle-hole fluctuations still have a quantitative
effect. We can give an improved estimate for the critical temperature at the resonance
(c−1 = 0) where we find Tc/TF = 0.248 and a chemical potential µc/TF = 0.55. A
comparison to other methods and our previous work is given in Tab. 6.2. We observe
reasonable agreement with QMC results for the chemical potential µc/TF , however, our
critical temperature Tc/TF is larger.
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µc/EF Tc/TF
Burovski et al. [158] (QMC) 0.49 0.15
Bulgac et al. [157] (QMC) 0.43 < 0.15
Akkineni et al. [159] (QMC) - 0.245
Previous FRG estimate [60] 0.68 0.276
present work 0.55 0.248
Table 6.2: Results for Tc/TF and µc/TF at the unitarity point by various authors.
Discussion and Outlook
The inclusion of particle-hole fluctuations and further extensions of the truncation improve
our numerical results in the perturbative domains of the crossover to match the results
from well-known other field-theoretical methods. We obtain considerable quantitative
precision on the BCS and BEC sides of the resonance.
Also our finding for the ratio aM/a is in good agreement with the exact result [179].
This quantitative accuracy is remarkable in view of the fact that we have started with a
purely fermionic microscopic theory, without propagating bosonic degrees of freedom or
bosonic interactions.
In the strongly interacting regime where the scattering length diverges, no analytical
treatments are available. Our results for the gap ∆/EF and the chemical potential µ/EF at
zero temperature are in reasonable agreement with Monte-Carlo simulations. This holds
also for the ratio µc/EF at the critical temperature. The critical temperature Tc/TF itself
is found to be larger than the widely accepted Monte-Carlo result, however.
In future studies our approximations might be improved mainly at two points. One is
the frequency- and momentum dependence of the boson propagator. In the strongly inter-
acting regime this could be rather involved, developing structures beyond our current ap-
proximation. A more detailed resolution might lead to modifications in the contributions
from bosonic fluctuations to various flow equations. Another point concerns structures in
the fermion-fermion interaction that go beyond a diatom bound-state exchange process.
Close to the unitarity point, other contributions might arise, for example in form of a fer-
romagnetic channel. While further quantitative modifications in the unitarity regime are
conceivable, the present status of approximations already allows for a coherent description
of the BCS-BEC crossover for all values of the scattering length, temperature and density
by one simple method and microscopic model. This includes the critical behaviour of a
second order phase transition as well as the temperature zero range.
However, also the QMC simulations have some weak points and as, e.g., finite size
effects and the sign problem for fermions. In order to shed light on the relation between





The construction of an internally consistent and falsifiable theory of quantum gravity is
one of the major challenges of modern theoretical physics. The perturbative quantization
of the Einstein-Hilbert action yields a non-renormalizable theory [72–75]. Therefore sev-
eral alternative approaches have been proposed: A change in the degrees of freedom and
of the microscopic action, as well as a different approach to quantization, or assumptions
about a discrete nature of spacetime offer possible routes to a predictive theory of quan-
tum gravity. However, the possibility remains that the apparent non-renormalizability
is not a failure of Einstein gravity but rather of the simple perturbative quantization
scheme. It is Weinberg’s asymptotic-safety scenario [19, 22, 85] that represents a possible
non-perturbative way for a predictive theory of quantum gravity. A suitable tool to study
this scenario is the functional RG formulated in terms of the Wetterich equation.
The functional RG for gravity has been pioneered by Reuter [20] and during the last
years a substantial body of evidence for asymptotic safety of Quantum Einstein Gravity
(QEG) has been accumulated [24–44, 46–49], for reviews see [21–23]. Therein not only
the existence of a non-Gaußian fixed point has been confirmed in a variety of studies, but
also the critical exponents classifying the relevant directions at the fixed point show a
satisfactory convergence upon increasing the truncation. Moreover, implications of QEG
for cosmology as well as black hole physics have been studied, see [50–52] for references.
In this chapter we contribute to this evidence by verifying the existence of a non-
Gaußian fixed point by an alternative computation technique and including a running
curvature-ghost coupling as a first step towards the flow of the ghost sector of the theory.
Indeed, as is known from certain gauges in Yang-Mills theories ghosts can influence the
strong-coupling regime of a gauge theory considerably [16, 184–188]. Thus it is important
to check that the property of asymptotic saftey discovered so far within the Einstein-
Hilbert truncation and beyond remains stable under the inclusion of the ghost flow.
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7.1 Quantum Einstein Gravity






γ(−R(γ) + 2λ¯(k)) + classical gauge fixing, (7.1)
where κ¯2 = 1
32piGN
. The Einstein-Hilbert action ΓEH contains the dimensionful Newton
constant GN, the running graviton wave function renormalisation ZN(k), and the running
cosmological constant λ¯(k). The curvature scalar R(γ) is constructed from the metric field







32 pi κ¯2 ZN k2−d
, (7.2)
The flow equation for this coupling can be expressed by the dimensional rescaling terms
and the graviton anomalous dimension η = −∂tlnZN, reading
∂tG = (d− 2 + η)G. (7.3)
This already allows for a preliminary discussion of the fixed-point structure in the coupling
G. The RG equation (7.3) shows a Gaußian fixed point (GFP), G∗ = 0 → η = 0, and
further allows for a non-Gaußian fixed point (NGFP) if η = η(G∗, λ∗, ...) = 2 − d. In
the vicinity of the GFP we observe scaling according to the canonical dimension of the
gravitational coupling [GN] = 2−d, which is negative for d = 4 and so implies perturbative
non-renormalizability.
For the NGFP, however, the anomalous dimension η counter-balances the canonical
dimension of GN facilitating non-perturbative renormalizability of Einstein gravity within
the asymptotic safety scenario. The counter-balancing resembles closely to the sum rule
found in the three dimensional Yukawa systems in Chap. 5, cf. Eq. (5.40). At the NGFP
the gravitational coupling scales like
GN,k = G
∗k2−d. (7.4)
If G∗ 6= 0 the dimensionful Newton constant GN becomes arbitrarily small for d > 2
indicating antiscreeing of gravity in the fixed-point regime.
This discussion has to be substantiated by the computation of explicit flow equations
(e.g. in the Einstein-Hilbert truncation, Eq. (7.1)) for the anomalous dimension η and the
dimensionless cosmological constant λ = λ¯(k)k−2. This has been done for the first time
in [20] revealing the actual existence of a NGFP. In Sec. 7.4 we present the flow equations
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Figure 7.1: RG flow trajectories in the G− λ-plane.
for those couplings obtained with our truncation and cutoff scheme and applying the
computational method that is introduced below.
The RG flow is found to be dominated by two fixed points, namely the Gaußian
one, (G∗, λ∗) = (0, 0), and a NGFP with G∗ > 0 and λ∗ > 0. The fact that the value
of G∗ is positive is important for stability reasons. We present the phase diagram of
the RG trajectories in the (G, λ)-plane in Fig. 7.1, showing three classes of trajectories
emanating from the NGFP: One trajectory is singled out by hitting the GFP for the limit
k → 0, the separatrix. The trajectories on the l.h.s. (r.h.s.) of the separatrix run towards
negative (positive) cosmological constants in the infrared. This also stimulated studies of
phenomenological implications of the existence of a fixed point, see e.g. [53, 54].
In the Einstein-Hilbert truncation we have two running couplings, G and λ, and the
stability matrix at the NGFP yields a pair of complex conjugate RG eigenvalues with
a positive real part. Thus, G and λ correspond to two RG relevant directions and the
imaginary parts of the RG eigenvalues entail a spiralling of the trajectories running out
of the NGFP, see Fig. 7.1.
The existence of the non-Gaußian fixed point has remains remarkably stable upon the
inclusion of higher orders of the curvature [25–33, 36–38] and matter [43–46]. Recently,
new techniques have allowed to go beyond the class of f(R) truncations and include, e.g.,
the operator CµνκλC
µνκλ involving the Weyl tensor among the gravitational interactions
[41]. All these results do not only agree on the existence of a NGFP, but also on the
classification of RG relevant and irrelevant directions. There are strong indications from
high-order calculations that the number of relevant directions number is finite [36, 39–41].
Some features of QEG are also reminiscent to results obtained within other nonper-
turbative approaches to a quantum field theory of gravity [189–191].
7.2 Gauge fixing and ghost terms
The theory space of QEG consists, by definition, of functionals depending on the metric
in a diffeomorphism invariant way and we have to specify a gauge fixing procedure for
the functional integral as usual for gauge and gravity theories.
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From certain gauges in Yang-Mills theories, e.g., the Landau gauge or the Coulomb
gauge, it is known that ghosts can play an important if not dominant role in the strong-
coupling regime of a gauge theory [16, 184–188]. This is due to the fact that the strong-
coupling regime can be entropically dominated by field configurations near the Gribov
horizon1 which induce an enhancement of the ghost propagator. As the Gribov ambiguity
is also present in standard gauges in general relativity [192], similar mechanisms may
become relevant in QEG. However, investigations of the non-Gaußian fixed point in QEG
have neglected running couplings in the ghost sector so far, mainly for technical reasons.
Only a classical ghost term has been considered as the choice of truncations of the effec-
tive action in gravity has partly been guided by the available computational tools, most
notably the heat-kernel expansion. We take a first step to go beyond the classical ghost
term and examine the RG flow in the ghost sector. More specifically, we truncate the
theory space of QEG down to the following action:
Γk = ΓEH + Γgf + Γgh + ΓRgh, (7.5)
where we introduced the gauge-fixing action Γgf, the Faddeev-Popov ghost term Γgh and




















For the necessary gauge fixing of metric fluctuations, we apply the background-field
method [20, 193–195], where the full metric γµν = g¯µν + hµν is decomposed into the
background metric g¯µν with its compatible covariant derivative D¯λ. hµν denotes the fluc-
tuations around this background which do not have to obey any constraints concerning
their amplitude. This is a crucial difference to a perturbative treatment on a fixed back-
ground. The curvature scalar constructed from the full metric is denoted by R, the one
pertaining to the background metric by R¯. The gauge-fixing action Γgf contains the













1The gauge fixing condition ideally chooses one representative from each gauge orbit defining a sub-
manifold in configuration space by the set of all representatives. However, in practice the gauge orbits
may intersect this submanifold more than once which leads to the so-called the Gribov ambiguity. In
order to resolve the problem of the Gribov ambiguity the functional integral is restricted to a single
Gribov region whose boundary is called a Gribov horizon.
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In Eq. (7.6), we ignore any independent running of α(k)→ α =const and ρ. The appro-
priate ghost term Γgh contains the Faddeev-Popov operator
Mµν = g¯µρg¯σλD¯λ(γρνDσ + γσνDρ)− 21 + ρ
d
g¯ρσg¯µλD¯λγσνDρ, (7.10)
and Zc(k) denotes a wave function renormalisation for the ghosts, which we shall later
set to Zc(k) = 1 in our calculations; this amounts to a classical treatment of the ghost
”kinetic” term. Computations for this ghost kinetic term have been performed recently
[48, 49]. The ΓRgh term in Eq. (7.8) contains the running curvature-ghost coupling ζ¯(k)
which is of central interest here. In any dimension, it corresponds to a marginal coupling
in a perturbative power-counting classification, as the ghosts carry canonical dimension
d−2
2
. Since such a classification does no longer hold at a non-Gaußian fixed point, it is
a crucial question whether this curvature-ghost coupling becomes relevant or irrelevant
because of the interactions.
In the remainder of this chapter, we drop the argument k of the couplings which are
implicitly understood as running couplings.
7.3 Computational method
As before, our truncation (7.5) defines a hypersurface in theory space and the solution of
the flow equation (2.20) provides us with an RG trajectory in this hypersurface, once
an initial condition is specified. For unspecified initial conditions, the flow equation
defines a vector field of β-functions on this hypersurface. In order to arrive at an explicit
representation of this vector field in terms of the flow of the couplings, we need to project
the right-hand side of the flow equation onto the operators of our truncation.
For this, we perform the computation on a maximally symmetric background metric

















Whereas this leads to an enormous simplification of the calculations, this background











g¯c¯µRcµ can not be disentangled from ΓRgh. For a discussion of the
relation between background-field couplings and couplings involving the full physical met-
ric see [196]. Our calculation shares these ambiguities with most of the other works on
the asymptotic-safety scenario for QEG, as the derivation of the flow equation with two
distinct metrics and more complex backgrounds is highly non-trivial [196–198].
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Past works in QEG evaluated the trace on the right-hand side of the flow equation
(2.20) by invoking a proper-time representation and using heat-kernel techniques. For our
purposes, we explicitly invert Γ
(2)
k on a d sphere to get the graviton propagator in terms
of a basis of hyperspherical harmonics. The trace operation over the eigenvalues can then
be evaluated explicitly.
This technique has the advantage that it allows for a straightforward inclusion of
external ghost fields, and hence the flow of the coupling parameter of the curvature-ghost
term ζ¯ is accessible with our method. For the evaluation of ghost couplings using heat
kernel techniques see [48]. Here, we use a decomposition of Γ
(2)
k + Rk into an inverse
propagator matrix contribution Pk = Γ(2)k [c¯ = 0 = c] + Rk containing the regulator but
no external ghost fields and a fluctuation matrix F containing external ghost fields. The
components of F are either linear or bilinear in the ghost fields. With this decomposition,


















where the derivative ∂˜t in the second line acts by defintion only on the k dependence of




7.4 Evaluation of the Einstein-Hilbert sector
For the computation of the Einstein-Hilbert sector we have to evaluate the first term in the
second line of Eq. (7.12). The second variation of the Einstein-Hilbert action including







































We evaluate the fluctuation matrix entries in Landau-deWitt gauge α = 0, as this is a
fixed point of the RG flow [119, 120], and we set the second gauge parameter ρ → α for
our evaluation of the Einstein-Hilbert sector. For this choice the propagator matrix is
diagonal in the gravitational sector and off-diagonal in the ghost sector.
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We then apply the York decomposition [199] to the graviton hµν to identify its trace
part h = g¯µνhµν , its transverse traceless part h
T
µν , and the transverse vector and scalar
parts ξˆµ and σˆ:
hµν = h
T








Now, we introduce the notion of the ”TT approximation” by the definition that only the
transverse traceless mode in the gravitational sector is allowed to propagate and the vector
and scalar modes are suppressed. The TT approximation only contains the information
about the spin-2-mode, that is characteristic for gravity and it is able to capture the
essential physics of the NGFP, allowing for its existence and conserving the number of
relevant directions. For the Einstein-Hilbert truncation this is not an essential advantage,
as we can straightforwardly compute the full set of modes along the lines we present here.
However, we will employ the TT approximation here as it is technically much easier to
compute the ghost-curvature term, assuming that it also captures the essential physics in
the ghost sector. That this assumption is correct for the kinetic ghost operator has been
checked in [49]. In the Landau-DeWitt gauge and TT approximation, we need only the







= g¯µν g¯κλ κ¯
2ZN
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δd(x− x′)g¯µρg¯σν , (7.16)
where symmetrization of µ↔ ν and ρ↔ σ on the left-hand side is understood implicitly.
At this stage, we take advantage of the existence of a basis for traceless tensor functions
on the d sphere: the tensor hyperspherical harmonics T lmµν (x). They fulfill a completeness
















g¯ g¯µρg¯νσT lmµν (x)T
kn
ρσ (x), (7.18)
−D¯2T lmµν (x) = ΛlT lmµν (x). (7.19)
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For the tensor mode the eigenvalues of the Laplacean are given by Λl and there is a Dl-fold
degeneracy of the hyperspherical harmonics for fixed l but different m [200, 201] reading
Λl =
l(l + d− 1)− 2
r2
, Dl =
(d+ 1)(d− 2)(l + d)(l − 1)(2l + d− 1)(l + d− 3)!
2(d− 1)!(l + 1)! . (7.20)
As the hyperspherical harmonics form a basis for functions on the d sphere, we can expand












with expansion coefficients alm. We insert our expression Eq. (7.15) into Eq. (7.16), and
use the eigenvalue equation Eq. (7.19). As the regulator is some function of −D¯2, it turns
into the same function of Λl in the hyperspherical-harmonics basis.
Applying the completeness relation allows to rewrite the right-hand side of the defi-
nition of the Green’s function Eq. (7.16). By a comparison of coefficients with respect to











for l ≥ 2. Here, we have assumed that the argument of the regulator Rk(x) is a function of






. From the expression Eq. (7.22),
it is obvious that the cosmological constant is similar to a wrong-sign mass term for the
graviton modes. From this point on, we confine ourselves to d = 4, even though the
calculations are straightforwardly generalizable to d 6= 4, see also [34, 35].
We parameterize the regulator function for the transverse traceless mode by






where the shape function r(y) specifies the details of the Wilsonian momentum-shell inte-
gration. Different choices correspond to different RG schemes. As we need to expand in
the curvature radius r in order to project the flow onto the truncation, an analytic shape
function is required. Here, we work with an exponential shape function r(y) = 1
ey−1 as
an example. Moreover, the regulator can be adjusted to the flow of the spectrum of the





evaluated on the background field. For the
graviton, this yields
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where the prime denotes the derivative of r(y) with respect to y. The resulting gen-
eral structure of the flow with this type of regulator has first been discussed in [203].
Whereas a numerical integration of the resulting flow can become demanding due to the
intricate structure of the resultig differential equation [204], this form of the flow can be
advantageous for analytical studies, as will be the case in the following.























where y = Γ
(2)
km/(ZNNmκ¯
2k2) and M is the set of all modes of the York decomposition
of the graviton as well as the ghost. We have also introduced a normalising factor Nm
which is chosen such that numerical factors in front of the eigenvalue of −D¯2 in the
inverse propagator cancel in y. This guarantees that all Laplacean momentum modes
are regularised by the same effective IR cutoff scale. In order to regularise the conformal
instability, Nm may also acquire a negative sign. Here, we will only take the transvere
traceless mode in the spirit of the TT approximation. This means that the sum
∑
{m∈M}





















The sum over m simply results in a multiplicative factor Dl, see Eq. (7.20), and the
integrals can be carried out by use of the orthogonality relation Eq. (7.18). For the sum
over l, we invoke the Euler-MacLaurin formula that transforms the sum over l into an
integral. Inserting the transverse traceless propagator and using the Euler-MacLaurin
formula, we project onto the two running couplings in the Einstein-Hilbert sector. For
example, in four dimensions, ∂tZN is accompanied by a factor of the curvature radius
squared, whereas the combination ∂t(ZNλ) comes with a factor of r
4. Incidentally, all non-
integral terms in the Euler-MacLaurin formula do not contribute to the scalar curvature-
ghost coupling. This allows for a straightforward projection and yields the following β
functions for the dimensionless couplings in TT approximation:
∂tG = (2 + η)G, (7.27)
∂tλ = (−2 + η)λ− 5G
4pi
{
e2λ(4λ+ η + 2∂tλ)− 4λ(2λ+ ∂tλ)
[
Ei(2λ) (7.28)
+ln(1− e2λ)− ln(e2λ − 1) + ipiθ(−λ)]− 2∂tλLi2(e2λ)− 4Li3(e2λ)} ,






e2λη − 2(2λ+ ∂tλ)
[
Ei(2λ)− ln(e2λ − 1) + ipiθ(−λ)] (7.29)
−4λ ln(1− e2λ)− 2Li2(e2λ)
}
.
Note that branch cuts in the logarithm and the polylogarithm contribute imaginary parts
which cancel for λ > 0. Thereby, the flow equations are completely real for all values of









− 2e2λ − 4λ[Ei(2λ)− ln(e2λ − 1)]− 4λ ln(1− e2λ)− 2Li2(e2λ)} .
A numerical solution yields the following fixed-point values
GTT∗ = 0.2704, λ
TT
∗ = 0.3834. (7.30)
The universal value GTT∗ λ
TT
∗ = 0.1037 is very close to the numerical values from other
gauges and regulators [23]. The eigenvalues of the stability matrix appear as a complex
conjugate pair,
θTT1,2 = 2.271± i1.705, (7.31)
inducing a spiral shape of the flow lines in the vicinity of the NGFP, see Fig. 7.1. It is
straightforward to derive the full flow equations for the Einstein-Hilbert sector including
all modes with our method. In the full treatment and Landau-deWitt gauge we find the
slightly shifted fixed point values G∗ = 0.2701 and λ∗ = 0.3785 and the RG eigenvalues
θ1,2 = 2.1015± i1.685. The full flow equations for the Einstein-Hilbert sector for arbitrary
gauge parameters α = ρ can be found in [49].
As the combination of the Landau-DeWitt gauge α = 0 together with the spectrally
adjusted regulator has not been used before, our results represent an independent verifi-
cation of the fixed-point scenario.
7.5 Ghost-Curvature Coupling in QEG
On the background of d spheres, the left-hand side of the flow equation for the scalar










d(d− 1) (4pi)d/2 (r2) d2−1. (7.32)









Figure 7.2: Single diagram on the left: tadpole contribution to the running of ζ¯. Four
diagrams on the right: Two-vertex contribution to the wave function renormalisation of
the ghost and the curvature-ghost coupling ζ¯. Spiral lines denote gravitons, dashed lines
denote ghosts. The regulator insertion in the internal propagators is implicitly understood.
As F contains terms linear and bilinear in the ghosts, the flow of ζ¯ is fully determined by
the n = 1 and n = 2 terms of the expansion of the flow equation Eq. (7.12).
Diagrammatically, we arrive at five contributions displayed in Fig. 7.2 in which only
the transverse traceless graviton mode propagates as we employ the TT approximation:
The two-vertex diagram appears in four different versions, as two different antighost-ghost-
graviton vertices exist in our truncation, namely one ∝ ζ¯ and one ∝ Zc. Accordingly,
there is a diagram with two ζ¯ vertices, one with two Zc vertices and two mixed ones. Now
we can make use of the fact that the equation of motion for the transverse traceless part












Hence, the antighost-ghost-graviton vertex which is ∝ ζ¯ does not receive a contri-
bution from the transverse traceless mode, when evaluated on the Euclidean deSitter
background. This fact is obvious for maximally symmetric spaces, where Rµν ∼ gµνR.
Hence, a different choice of background would require the evaluation of some of the ghost
self-energy diagrams. However, this does not imply that the final result for the β function
is background dependent, as the fluctuation matrix entering the tadpole diagram would
also change on a different background. A maximally symmetric background simply cor-
responds to a very efficient organisation of the flow equation also in terms of diagrams.
As a result, three of the four selfenergy diagrams are zero.
Finally, we discuss the last diagram with two vertices ∝ Zc, which is obtained by the
evaluation of the derivative operator of the ghost terms, cf. Eq. (7.10). Therefore, we
introduce a simplifying choice for the background ghost fields: We choose them to be
covariantly constant,
D¯µcλ = 0, (7.34)
which allows to disentangle the flow of ζ¯ from that of the ghost wave function renormal-
isation Zc. This last diagram vanishes for covariantly constant ghost background fields,
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Upon deriving the antighost-ghost-graviton vertex connected to the antighost from this
equation, the result is always proportional to D¯c¯, and hence the diagram vanishes on the
covariantly constant ghost background, cf. Eq. (7.34). This simply reflects the fact that
this diagram contributes solely to the running of the ghost wave function renormalisation.
Note that covariantly constant ghosts cannot be realized on d spheres with even d as a
consequence of the hairy ball theorem, which is a shortcoming of our computation in
d = 4. However, the background of d spheres has been chosen due to technical reasons
only and we could have imposed covariantly constant ghosts in the first place to simplify
the diagrammatic structure of the curvature-ghost-vertex. Therefore, we expect that this
approach yields a qualitatively reliable result.
To summarize, only the tadpole diagram contributes to the running of ζ¯, corresponding
to the n = 1 term in the expansion of the flow equation Eq. (7.12). To evaluate the tadpole
diagram, the necessary fluctuation matrix entry projected onto a d sphere is
δ2ΓR gh|hT = ζ¯ c¯αcα hTκλδµκδνλ
{







Together with the transverse traceless graviton propagator from the previous section the





























































We employ the regulator function for the transverse traceless mode, Eq. (7.23) and
apply the Euler-MacLaurin formula to evaluate the trace. Then, we expand the result




order to perform a comparison of coefficients with respect to the scalar curvature-ghost
term, cf. Eq. (7.32). Again, all non-integral terms in the Euler-MacLaurin formula do
not contribute to the scalar curvature-ghost coupling.
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7.6 Results
For the discussion of the fixed-point structure of QEG we introduce, additionally to the
dimensionless renormalized coupling G (see Eq. (7.2)), the dimensionless renormalized
version of ζ by ζ = ζ¯/Zc. The running of the wave function renormalizations of graviton
and ghost, ZN and Zc, respectively, are governed by the corresponding anomalous dimen-
sions, η, and ηc = −∂t lnZc. With these prerequisites, we can now state our result for the
graviton-tadpole induced flow of the coupling ζ in d = 4:






















This flow equation has a Gaußian fixed point ζ∗ = 0. This can already be concluded
from the property that only the tadpole contributes in the TT approximation . Let
us investigate the properties of this fixed point in the ghost sector for the case that
the remaining system is at the non-Gaußian fixed-point of the Einstein-Hilbert sector,
G→ G∗, λ→ λ∗. For this, we evaluate Eq. (7.38) at the NGFP and obtain



















In the present truncation involving a classical ghost kinetic term, we have ηc = 0. Together
with the fact that G > 0 in the physical domain, this implies that the sign of f(λ) decides
about the sign of the linearised flow of ζ near its Gaußian fixed point. Indeed, this function
is negative for all λ, see Fig. 7.3. The negative sign signals that ζ is asymptotically free.
Inserting the fixed-point values from the Einstein-Hilbert sector in the Landau-DeWitt
gauge α = 0 with a spectrally adjusted cutoff, Eq. (7.30)), we get 25G∗
6pi
f(λ∗) = −1.528.
As long as the ghost anomalous dimension ηc remains sufficiently small, our conclusion







Figure 7.3: f(λ) is negative for all values of λ and asymptotically tends to zero for
λ→ −∞, whereas it is unbounded for positive λ.
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persists also for a larger truncation with a running ghost kinetic term. Our conclusions
are supported by the results obtained in a recent computation where ηc < 0 [49].
Our result implies that (i) the non-Gaußian fixed point in the graviton sector is not
influenced by the scalar curvature-ghost coupling, as the latter is zero at the fixed point,
and (ii) this curvature-ghost coupling is RG relevant for the flow towards the IR. The
latter property relates the initial value of this coupling to a physical parameter that has
to be fixed by an RG condition (i.e., by an experiment). This does not necessarily imply
that the scalar curvature-ghost coupling gives rise to an independent physical parameter.
Since the background-field effective action has to satisfy (regulator-modified) Slavnov-
Taylor and background-field identities [16, 17, 20, 193, 195, 205], this operator may be
related to other purely gravitonic operators. An answer to this question requires to resolve
the difference between background-metric and fluctuation-metric dependencies which is
beyond the scope of this work.





γR · Os in the TT approximation, where Os is a scalar operator
of some fields, e.g., matter fields. The interaction part of the corresponding flow will
always have a contribution ∼ Gf(λ) which supports an anti-screening flow. Of course,
other contributions, such as other interaction terms, the anomalous dimensions of the
matter fields, and dimensional rescaling terms, can eventually dominate the gravitational
contributions.
Summary
To summarize we have provided further evidence for the asymptotic-safety scenario in
Quantum Einstein Gravity by computing the RG flow of a scalar curvature-ghost coupling
as another building block of the flowing action. In our present truncation involving an
Einstein-Hilbert sector, a classical ghost kinetic term, and the curvature-ghost interaction,
the coupling ζ is found to be asymptotically free and corresponds to a potentially relevant
direction.
From a technical viewpoint, we have shown that a direct integration of gravity fluc-
tuations in the functional RG equation is possible without relying on heat-kernel traces
and propertime representations.
Ghost operators or a more general gauge-fixing sector may carry important pieces of
information about the flow of a theory in certain gauges. We believe that a more detailed
investigation of the ghost sector is important for a better understanding of the non-
Gaußian fixed-point regime of Quantum Einstein Gravity. Next steps in this direction
have recently been done by the evaluation of the ghost wave function renormalization
[48, 49] and the inclusion of higher order curvature-ghost terms [206].
Chapter 8
Concluding remarks
In this thesis we have investigated various physical models with applications ranging
from condensed matter physics via particle physics to quantum gravity. We have em-
ployed Wetterich’s approach to functional renormalization which is a suitable method
to investigate non-perturbative quantum field theoretical systems at and near criticality
both qualitatively and quantitatively, especially for systems including fermionic as well
as bosonic degrees of freedom.
Critical behavior of a quantum system is induced by a fixed point of the renormal-
ization group flow implying an invariance of the system over a large range of scales. A
fixed point that is approached in the infrared induces universal behaviour of an effective
quantum field rendering it insensitive to its microscopic details. This results in universal
scaling laws that are characterized by a set of pure numbers, the critical exponents. On
the other hand, a fixed point, which is approached in the ultraviolet, provides a well-
defined high-energy limit of a quantum system and as the number of relevant parameters
is finite it constitutes a predictive and fundamental quantum field theory in the spirit of
Weinberg’s asymptotic safety scenario.
We have derived flow equations for left/right asymmetric chiral Yukawa models with
and without gauge bosons and reveal fixed-point mechanisms in four and three spacetime
dimensions. Furthermore, we computed the fixed point values and their renormaliza-
tion group eigenvalues or critical exponents to characterize the universal behavior of our
models.
The four-dimensional chiral Yukawa systems, see Chaps. 3 and 4, serve as toy models
for the standard model Higgs sector and they show signatures of asymptotically safe fixed
points by a balancing of contributions from the bosonic and fermionic degrees of freedom.
The understanding of this mechanism by means of the very simple Z2-symmetric Yukawa
system in Chap. 3 allowed us to construct an asymptotically safe chiral Yukawa model as
a toy model for an asymptotically safe standard model at a defined order in a derivative
expansion. In the approximations investigated for the four-dimensional chiral Yukawa
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system we solve the triviality problem and obtain predictions of the particle masses for
the Higgs and the top quark by only fixing the vacuum expectation value of the Higgs
field. Our scenario even provided a weakening of the hierarchy problem, which is a very
appealing feature of the asymptotic safety scenario for the standard model.
Infrared fixed-points, as investigated in Chaps. 5 and 6 for effective quantum field
theories, give rise to universal long-distance behavior. In the three-dimensional chiral
Yukawa system, see Chap. 5, we give a classification of all four-fermion interaction terms.
Fixed points in the three-dimensional chiral Yukawa system are induced by a balancing of
dimensional rescaling terms and the anomalous dimensions of the quantum fields as well
as by a balancing of bosonic and fermionic contributions. The critical exponents define
new universality classes and provide benchmark values for systems of strongly correlated
chiral fermions that could be tested using other approaches to non-perturbative quantum
field theory, e.g. new lattice simulations that are suited to cope with chiral fermions.
In a system of non-relativistic two-component fermions a fixed-point dominates the
renormalization group flow giving rise to universality in the BCS-BEC crossover, see
Chap. 6. For BCS-BEC crossover physics, the experimental realization of molecule con-
densates and the subsequent crossover to a BCS-like state of weakly attractively interact-
ing fermions pave the way to future precision measurements and provide an experimental
testing ground for non-perturbative methods. To facilitate a sensible comparision we push
the functional renormalization method on a quantitative level and include particle-hole
fluctuations, fluctuations of the fermionic self energy and higher order interactions. With
this ansatz we have computed universal properties as the critical temperature and the
single particle gap with a considerable precision for the whole crossover.
Finally, in Chap. 7, we have provided further evidence for the asymptotic safety
scenario in quantum gravity by confirming the existence of an ultraviolet fixed-point
under inclusion of a curvature-ghost coupling. In our truncation this coupling is found to
be asymptotically free and corresponds to a potentially relevant direction. Further steps
completing our first approach have to be done in order to obtain an exhaustive picture of
the role of the ghost sector. Work in this direction is on its way [48, 49, 206].
More generally, we have contributed to the understanding of fixed points and their
properties by pointing out different mechanisms of how they can be generated as a result
of a balancing of loop contributions. In conclusion we have shown that renormalization
group flow equations are suitable to investigate effective and fundamental quantum fields
at and near criticality. This applies to very different quantum field theories ranging from
condensed matter systems to particle physics and gravity. We believe that our contribu-
tions may shed light on some basic underlying mechanism of quantum field theories and
provide further insight into universal laws of nature.
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Appendix A
Technical supplements
Sketch for the derivation of the Wetterich equation
We modify the microscopic action by a scale k-dependent cutoff regulator term that will
act as an infrared regulator,





The implementation of the regulator term in Eq. (2.16) introduces a scale dependence of
the generating functional, which now reads Wk[J ] = lnZk[J ], cf. Eq (2.15). Keeping the
sources J scale independent, the derivative with respect to k reads












k,ji(q)− ∂k∆Sk[Φ] . (A.2)
From this equation we can deduce the scale-dependence of the effective average action
Γk[Φ], Eq. (2.18). In Eq. (2.18) only the sup-part is convex and any non-convexity for
finite k is introduced by the regulator term.
Eventually, we can derive the desired flow equation for Γk for fixed Φ at J = Jsup:











STr{(∂kRk)[Γ(2)k [Φ] +Rk]−1} . (A.3)
From the second to the third line, we have used equation (A.2) and in the following step
equation (2.14) in momentum space. The ”supertrace” STr introduced in the last line




Quantum field theory in thermal equilibrium
In the path integral formulation of thermodynamics, the Matsubara formalism, we find
that quantum statistics is described by an euclidean functional integral where the imag-
inary time τ is compactified on a torus of circumference L = 1/T = β. Here T is the
temperature in units with kB = 1 and the all possible field configurations are weighted




A = A(ϕ(x1), ϕ(x2), ...) is some operator function of the field ϕ(x) and Z
−1 is a normal-
ization factor. This is found starting from the Hamiltonian operator formalism. Thermo-
dynamics is described by the grand canonical partition function
Z(β) = Tre−β(H−µN), (A.5)
where H is the Hamiltonian of the corresponding field theory, N is the particle number
operator. For a bosonic field we require periodic boundary conditions,




The compactified euclidean time τ leads to a discrete spectrum in Fourier space (Mat-
subara frequencies). We find for the bosonic Matsubara frequencies
ωφ,n = 2pinT (A.7)
For fermions we have antiperiodic boundary conditions and so we find the following rela-
tions and fermionic Matsubara frequencies
ψ(~x, τ) = −ψ(~x, τ + β), ψ(~x, τ) =
∑
n




The lowest fermionic Matsubara frequency is found to be ω0 = ±piT .
When we write the action in momentum space the integration over frequency is







The Matsubara formalism recovers classical statistics in the limit T −→∞. For T −→ 0
one can recover scattering physics in the quantum vacuum.
Appendix B
Threshold Functions
For a compact notation we use threshold functions, see e.g. [12, 67]. We define PB(p) =
p2(1 + rkB(p)), PF(p) = p
2(1 + rkF(p))



















































(PF(p) + ω1k2)n1(PB(p) + ω2k2)n2
,
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(PB + ω1k2)(PF + ω2k2)(PGB + ω3k2)
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(PB + ω1k2)2(PGB + ω2k2)2
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Here ∂˜t only acts on the regulator Rk (neither on rkB nor rkF). For our purposes, we use
a linear regulator function Rk which is optimized our truncations [71]. The boson cutoff
is given by
yrB(y) = (1− y)θ(1− y), (B.1)
where y = q2/k2, and the fermion regulator rF(y) is chosen such that y(1+rB) = y(1+rF)
2.
Using this regulator in the Wetterich equation, we can perform all momentum integrations
analytically. For the ghost regulator and the gauge bosonic regulator we choose rkGB(p) =
rkG(p) = rkB(p).Further we define ηψ :=
1
2
(ηR + ηL). Performing the integrals with these
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l(BGB)dn1,n2 (ω1, ω2) =
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(1 + ω1)n1(1 + ω2)n2
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m(FBG)(ω1, ω2, ω3) =
1




























m(BGB)dn1,n2 (ω1, ω2) =
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4 (ω1, ω2) =
1
(1 + ω1)2(1 + ω2)2
,





(1 + ω1)n1(1 + ω2)n2
.
Appendix C
Flow equations for chiral Yukawa
models
Flow of the effective potential
For the flow of the effective potential we project the Wetterich equation onto constant





Here Ω is the spacetime volume. For the evaluation of the r.h.s of Eq. (C.1) we need the
Γ
(2)
k matrix. We define Γ
(2)









































with φTi = (φ
1T
i , . . . , φ
NLT
i ) and ψ¯L = (ψ¯
1
L, . . . , ψ¯
NL
L ). The transposition refers to flavor as
well as Dirac indices. For a proper IR regularization, a regulator which is diagonal in field
space is sufficient and convenient,







120 Chapter C. Flow equations for chiral Yukawa models
















ab/p 0 0 0
0 0 0 ZR,k/p
T





k +Rk has the same block form as the regulator. Therefore, we can evaluate
the bosonic and fermionic parts separately. We start with the bosonic part. Inverting the








[ 2NL − 1
Zφ,kPB(p) + U ′k
+
1





where PB(p) = p
2(1+ rB(p)). Introducing PF(p) = p
2(1+ rF(p))
2 and dγ as the dimension


















Adding both parts and using the optimized regulator and the threshold functions intro-

























In terms of dimensionless quantities defined in Eq. (4.1), the potential flow turns into Eq.
(4.2) in the main text.
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Derivation of the Yukawa coupling flow w.r.t. radial boson mode
For the derivation of the flow of the Yukawa coupling, we first separate the bosonic field






































setting all ∆φ2 Goldstone components to zero. The projection of the Wetterich equation


















The vertical line indicates that the equation is evaluated at ψaR = ψ
a
L = ∆φ = 0, p
′ =
p = q = 0. Next, we can decompose the matrix (Γ
(2)
k + Rk) into two parts. One part,
which we call (Γ
(2)
k,0 + Rk), contains only v and is independent of the fluctuations. The
remaining part, ∆Γ
(2)
k , contains all fluctuating fields. Inserting this into equation (C.5)
















































+ . . . ,
only the term to third power in ∆Γ
(2)





the matrix calculations and taking the supertrace, we get






































































where the potential on the right hand side is evaluated at the minimum 1
2
v2. Using the
optimized regulator and the threshold functions as defined in App. B and switching over
to dimensionless quantities, we end up with the representation (4.3) given in the main
text.
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Derivation of the anomalous dimensions w.r.t. the radial boson mode
For the derivation of the flow of Zφ,k, we decompose the bosonic field as in Eq. (C.4).
The projection of the Wetterich equation onto the boson kinetic term leads us to
























Again, we have decomposed the matrix into two parts, one part containing the vev and
the other part containing all fluctuating fields. We have expanded the logarithm as
in Eq. (C.6), but this time only the second order contributes. Calculating the r.h.s of
























































where the potential is evaluated at the minimum. Using the optimized regulator together
with the threshold functions as defined in App. B and again introducing dimensionless


































where we have used ηφ = −∂tZφ,kZφ,k , and the right hand side has to be evaluated on the vev.
















































































(Zφ,kPB(p) + U ′k)2
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k) + 2(NL − 1)m(FB)d12 (0, u′k)].(C.10)
Yukawa flow and anomalous dimensions w.r.t. the Goldstone mode
The flow equations for the dimensionless effective potential ∂tuk and the anomalous di-
mensions ηL and ηR remain the same.
For deriving the flow of the squared Yukawa coupling constant h2 we again split the
bosonic field into its vev v and the deviation from the vev (the relation between the
















































Here, we are interested in the Yukawa coupling between the fermions and the Goldstone
boson. Thus we use the ∆φ12 part for the projection. This yields
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Next, we split (Γ
(2)
k + Rk) into a propagator part P, which contains only the vev, and a
fluctuation part F , which contains the fluctuating fields. Inserting this into Eq. (C.12)



























− . . . (C.13)
Only the term to third power survives the projection. Performing the matrix calculations












(ZφPB(p) + U ′k + U
′′
k v








The potential on the right-hand side is evaluated at the minimum 1
2
v2. Using the threshold
function and switching over to dimensionless quantities, we end up with Eq. (5.37).
For the derivation of the flow of ηφ, we use the decomposition of (C.11). Again we
use ∆φ12 for the projection and expand the logarithm as in (C.13). This time only the

















After performing the matrix calculations and taking the supertrace, we use ηφ = −∂tZφZφ
and switch over to dimensionless quantities. By use of the threshold functions, we obtain
Eq. (5.38) in the main text.
Appendix D
Flow Equations for the gauged chiral
Yukawa model
Here, we calculate the flow equations for the effective potential, the Yukawa coupling and
the anomalous dimensions including gauge fields as defined in Sec. 4.5. We shall see
that there are new contributions due to the gauge fields and the ghost fields. The flow














1(−p) + φa2(p)φa2(−p))− ZLψ¯aL/pψaL
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Here we neglected terms proportional to α. The first two lines contain the kinetic terms
of all fields, the third line contains interactions which include ghost fields, the fourth line
includes all Yukawa interactions and the rest represents higher order interaction terms.
Fluctuation Matrix and Regulator
The fluctuation matrix is a (3N2L + 4NL − 1)× (3N2L + 4NL − 1) matrix:

Γφ1φ1 Γφ1φ2 Γφ1ψL Γφ1ψ¯L Γφ1ψR Γφ1ψ¯R Γφ1W Γφ1c Γφ1c¯
Γφ2φ1 Γφ2φ2 Γφ2ψL Γφ2ψ¯L Γφ2ψR Γφ2ψ¯R Γφ2W Γφ2c Γφ2c¯
ΓψLφ1 ΓψLφ2 ΓψLψL ΓψLψ¯L ΓψLψR ΓψLψ¯R ΓψLW ΓψLc ΓψLc¯
Γψ¯Lφ1 Γψ¯Lφ2 Γψ¯LψL Γψ¯Lψ¯L Γψ¯LψR Γψ¯Lψ¯R Γψ¯LW Γψ¯Lc Γψ¯Lc¯
ΓψRφ1 ΓψRφ2 ΓψRψL ΓψRψ¯L ΓψRψR ΓψRψ¯R ΓψRW ΓψRc ΓψR c¯
Γψ¯Rφ1 Γψ¯Rφ2 Γψ¯RψL Γψ¯Rψ¯L Γψ¯RψR Γψ¯Rψ¯R Γψ¯RW Γψ¯Rc Γψ¯R c¯
ΓWφ1 ΓWφ2 ΓWψL ΓWψ¯L ΓWψR ΓWψ¯R ΓWW ΓWc ΓWc¯
Γcφ1 Γcφ2 ΓcψL Γcψ¯L ΓcψR Γcψ¯R ΓcW Γcc Γcc¯




and the regulator matrix contains parts for gauge bosons (RkGB) and ghost fields (RkG)
Rk(q, p) = δ(p− q)


RkB 0 0 0
0 −RkF 0 0
0 0 RkGB 0
0 0 0 RkG

 .
The regulators for the bosons and the fermions are given as in App. C by Eq. (C.2) and























Flow Equation of the Effective Potential
In this subsection we discuss how the flow equation of the effective potential changes by
introducing the gauge field and the ghosts as compared to App. C. First we project our















Using this projection the fluctuation matrix is block diagonal. Thus the bosonic, fermionic,
gauge bosonic and the ghost block can be calculated separately. We employ Landau
gauge (α = 0) so the bosonic block and the fermionic block do not change. Using
PG(p) = p
2(1 + rG), the ghost block can be computed very easily and reads








The gauge-boson block is more involved: Γ
(2)














(1 + rGB) + Zφg


















Here we diagonalised the matrix Zφg
2φa†{T i, T j}abφb. Since PA, PT and PL are projectors




















p2(1 + rGB) +m2A
]
.
Using TrργPT = d − 1,TrργPL = 1 and TrijP ijA = 1 we get the gauge boson part of the























p2(1 + rGB) +m2A

 .
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where we introduced PG = p
2(1+ rG) and PGB = p
2(1+ rGB). Rewriting this equation by






















































The last step is to introduce dimensionless quantities and use the specific regulators as













the flow equation for the effective potential is given by Eq. (4.17).
Flow Equation of the Yukawa Coupling
In order to derive the flow equation for the Yukawa coupling we divide our bosonic field
into vacuum expectation value and fluctuations. This time we choose the vacuum expec-











































We are interested in the Yukawa coupling between the radial mode ∆φNL1 and the fermions.

















Again, we divide Γ
(2)
k +Rk into the propagator part and the fluctuation part. Expanding





































(ZφP (p) + U ′)2
− 3vU
′′ + 2v3U ′′′







ZφP (p) + U ′
− 1









ZφP (p) + U ′
− 1


















Using the threshold functions defined in App.B and the dimensionless quantities, Eq. (D.1),
we obtain Eq. (4.18) as given in the main text.
Anomalous Dimensions
Finally we derive the equations for the anomalous dimensions, starting with the bosonic
























where we divided the bosonic field as in Eq. (D.2) into its vacuum expectation value and
the fluctuation contributions.
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Introducing the threshold functions defined in App.B and switching to dimensionless
quantities leads to Eq. (4.19).




























where we expanded the logarithm and only keep the second order since all other orders
do not survive the projection. We find the same terms as in the chiral Yukawa model
without gauge bosons, cf. Eq. (C.9), and one additional loop term for the gauge bosons.
























The threshold functions and the dimensionless quantities enable us to write the complete
equation in a compact notation, see Eq. (4.20) in the main text.
Since the right-handed fermions do not couple to the gauge bosons the equation for
the right-handed anomalous dimension does not change, cf. Eq. (4.20).
Fixed-points for the gauged chiral Yukawa model
We identified a number of interesting fixed-points in this system for various values of NL
ranging from 3 to 5 as a function of the gauge coupling g. This is summarized in the
figures below. Investigations about the underlying fixed-point mechanisms still go on and
we therefore refer to our work in preparation [121]. Corresponding to the discussion in
Sec. 4.5.3 we show the plots for NL ∈ {4, 5}.
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We start with NL = 4:
























Figure D.1: Fixed points for NL = 4 at NLO with u up to 6th order in ρ.


























Figure D.2: FP anomalous dimensions for NL = 4 at NLO with u up to 6th order in ρ.





















Figure D.3: RG eigenvalues for NL = 4 at NLO with u up to 6th order in ρ.























Figure D.4: Mass terms for NL = 4 at NLO with u up to 6th order in ρ.
132 Chapter D. Flow Equations for the gauged chiral Yukawa model























Figure D.5: Convergence for NL = 4 at NLO with u up to 2nd, 4th and 6th order in ρ.























Figure D.6: Convergence of RG eigenvalues for NL = 4 at NLO.
The results for NL = 5 are:

























Figure D.7: Fixed points for NL = 5 at NLO with u up to 6th order in ρ.






















Figure D.8: Anomalous dimensions for NL = 5 at NLO with u up to 6th order in ρ.
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Figure D.9: RG eigenvalues for NL = 5 at NLO with u up to 6th order in ρ.



























Figure D.10: Mass terms for NL = 5 at NLO with u up to 6th order in ρ.























Figure D.11: Convergence for NL = 5 at NLO with u up to 2nd, 4th and 6th order in ρ.





















Figure D.12: Convergence of RG eigenvalues for NL = 5 at NLO.
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